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Abstract.
Many incomplete approaches for MAX-SAT have been proposed

in the last years. The objective of this investigation is not so much
horse-racing (beating the competition on selected benchmarks) but
understanding the qualitative differences between the various meth-
ods. In particular, we focus onreactive searchschemes where task-
dependent and local properties in the configuration space are used
for the dynamic on-line tuning of local search parameters and we
consider the choice between prohibition-based and penalty-based ap-
proaches. To abstract from implementation details we focus on the
search trajectory characteristics and study the trade-off between di-
versification and bias after starting from a local minimizer. We then
study the warping effects on the fitness surface of weight-update
schemes and the resulting dynamics, through an exhaustive analysis
of small MAX-SAT instances, and of the average evolution of in-
dividual trajectories. The results are compatible with the conclusion
that penalty-based schemes achieve diversification from a starting lo-
cal optimum through a complex method with global and potentially
dangerous collateral effects, while prohibition-based schemes reach
comparable or better results in a more direct and controllable manner.

In the final part of this paper, we consider long runs of the com-
plete algorithms on selected MAX-SAT instances, which confirm the
competitiveness of prohibition-based reactive approaches.

1 Introduction

Most of the incomplete methods based on stochastic local search
(SLS) for MAX-SAT are characterized by a set of parameters whose
tuning is crucial for CPU time requirements and solution quality.
However, the appropriate tuning depends on both the problem and the
current instance being solved, implying costly human intervention.
Furthermore, the optimal parameter setting can vary widely in differ-
ent regions of the configuration space around a given tentative cur-
rent solution, leading to dynamic adaptive schemes. Reactive search
strategies for the on-line dynamic tuning of these free parameters to
the current task being solved and to the local characteristics can be
used to obtain more robust and efficient techniques [1].

The scope of this paper does not allow a detailed review, see for
example [2, 4] for a recent survey of propositional satisfiability and
the related constraint programming problem, and [5] for a survey
of stochastic local search approaches for MAX-SAT. Let us concen-
trate on reactive schemes and let us classify them according to the
target acted upon during the on-line adaptation. In detail, the reac-
tion can be on the generation of a set ofconstraints on the variables
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through theprohibition of recently-applied moves, or on themod-
ification of the cost functionguiding the local search. For brevity,
the two paradigms will be denoted asprohibition-basedandpenalty-
based, respectively. The first method, which is an ingredient of what
is known as “tabu search,” aims at pushing the configuration out from
the attraction basin around a local minimizer by temporarily prohibit-
ing some moves which would lead the trajectory back to the starting
point. The second method, also termed “dynamic local search,” mod-
ifies the objective function guiding the search so that a local min-
imum is raised to encourage the exploration of different areas, see
Fig. 1.
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Figure 1. Transformation of the objective function to gently push the
solution out of a given local minimum. Note: the intuition can bemisleading

for dynamically weighted clauses in MAX-SAT.

A second macroscopic difference is given by the selection of
the variables considered during each local search step. In the basic
schemes (like GSAT), all variables are potential candidates for the
next flip, in more recent proposals (like WalkSAT), only thevari-
ables appearing in unsatisfied clausesare considered for a possible
flip (let’s call them “unsatisfied variables”).

Given the space constraints of this paper we report selected re-
sults within an ongoing investigation to compare and identify qualita-
tive differences between search dynamics of prohibition and penalty-
based schemes.



2 SLS approaches with on-line learning and
dynamical systems

Let n andm denote the number of variables and clauses of a given
MAX-SAT instance in conjunctive normal form. The simplest cost
function guiding SLS algorithms for MAX-SAT is the number of
unsatisfied clauses. This function will be denoted asf . Escaping lo-
cal minima off in a strategic and intelligent manner can be consid-
ered as the underlying motivation of most recent approaches based
on stochastic local search. In many cases, local minima are actu-
ally large plateauswhere the basic local search cannot determine
the “right” direction to continue and performs a slow random-walk
in search of an escape point. More advanced schemes design discrete
dynamical systems so that the generated trajectory achieves a more
efficient and effective exploration of the fitness surface. In this work
we do not consider implementation details (supporting data struc-
tures) and CPU times but focus only on the trajectory properties. The
fact that appropriate data structures make the advanced schemes fully
competitive with the simpler ones has been matter of investigation
but it is not included in this work due to space constraints.

A remedy to escape from local minima consists of transforming
f into a modifiedg cost function, thereforewarping the fitness sur-
face, and generating a new direction of movement. This cost function
modification may look at theinternal structureof the current solu-
tion, not simply at the number of satisfied clauses. In [1] one exploits
non-obliviouscost functions, which measure thedegreeof satisfac-
tion of each clause by counting the number of matched literals. Aim-
ing at a redundant satisfaction eliminates the difficulty in selecting
among seemingly similar situations and may eventually permit to flip
a variable to satisfy a new clause, without losing any already satisfied
clause.

Another approach to escape from local minima or plateaus off is
given bydynamic local search, that relies on a dynamically weighted
version of the oblivious function. The works in [8, 10] use dynamic
weights to encourage the satisfaction of “more difficult” clauses.
Clause weighting is motivated in [8] as a ”breakout method for es-
caping from local minima”, in [10] as a way to “fill-in” local minima.
See for example [18, 15] and the contained references for some re-
cent work in this area.

A starting point of this work is [17] where the authors investigate
the dynamic warping of the search space caused by dynamic weight
penalties, fail to find evidence that warped landscapes represent ac-
cumulated knowledge about the search space [3] and clarify that the
“hole-filling” analogy can be deceiving by presenting a toy exam-
ple showing the global and potentially detrimental side-effects, also
hinted in [8]. Their empirical investigation shows that warping al-
gorithms mainly serve as a diversification mechanism, which allows
the search process to effectively overcome stagnation due to local
minima and plateaus.

The purpose of this work is to continue the investigation through
additional means:

Exhaustive analysis of warped landscapesSmall (but non-trivial)
instances of MAX-SAT are subjected to an exhaustive analysis of
the modification (warping) effects by examining the local minima
canceled, produced, and maintained after updating weights.

Diversification-Bias analysis It is suggested in [1] that Pareto-
optimal points on D-B plots of basic versions of SLS schemes
have an empirical predictive power for the overall success of the
methods. This hypothesis is investigated for skeletal versions of
prohibition- and penalty-based schemes.

Sample trajectories analysisWhile D-B plots summarize snap-
shots of the search after short periods starting from a local mini-
mum event, and the exhaustive analysis describes the overall mod-
ification of the fitness surface, the analysis of sample trajectories
produces additional information about the dynamical evolution of
the search.

3 Exhaustive analysis of warped landscapes

First we perform an experimental analysis on a single unsatisfiable
MAX-SAT instance formed by 20 variables and 110 clauses, close to
the “satisfiability threshold region” [13].

We consider a prototypical and simplified version of the weight-
update approach: as soon as the first local minimum (FLM ) point
for the “standard”f function is encountered, the weights of the cur-
rently unsatisfied clauses are increased by a fixed quantity∆w. An
exhaustive analysis of the search space is then performed, showing
the difference between the original and the warped fitness landscape
generated by the weight update. The number of local minima of the
landscape at different Hamming distances from theFLM point are
counted. This classification allows to understand if the effects of the
weight update are local or global, i.e., if the changes of the fitness
landscape concentrate in the neighborhood region surrounding the
FLM point or affect the whole search space. Due to the weight
update operation performed when visiting theFLM point, new lo-
cal minima can be generated in the search space (Fig. 2), while, at
the same time, “old” local minima (i.e., local minima in the original
landscape) may be canceled (Fig. 3). By definition, a local minimum
disappears as soon as at least one improving move is available in its
neighborhood.
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Figure 2. Distribution of the newly generated local minima over different
warped landscapes. The curves describe the landscape generated by a weight

increase operation with different∆w values (0.5, 1, 2, 4, 128). The curve
for ∆w = 0.5 is at the bottom of the Fig.

The absolute numbers of local minima generated or canceled is
bigger in the region around Hamming distance10 from theFLM
point. One suspects that the numbers are related to the original num-
ber of local minima present at specific distances, which is in turn
related to the total number of binary strings at specific distances, a
distribution peaked at distancen/2 with simple counting arguments.

Furthermore, the observed effects over the search landscape are
not directly related to∆w: as soon as the∆w value is bigger than
1.0, very similar curves are obtained. The warped landscapes gen-
erated by the considered weight update values ranging from4.0 to
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Figure 3. Distribution of the deleted local minima over different warped
landscapes. The curves describe the landscape generated bya weight

increase operation with different∆w values (0.5, 1, 2, 4, 128). The curve
for ∆w = 4.0 overlaps with the curve for∆w = 128.0, while the curve for

∆w = 0.5 and∆w = 0.5 are very close.

128.0 delete and generate exactly the same number of local minima
at specific Hamming distances from theFLM point: the weighted
clauses become so important that the effect of the other clauses is
negligible.

Finally, the number of the canceled local minima is bigger than
the number of the newly generated local minima.

Fig. 4 considers ratios instead of absolute numbers. Ratios under-
line that the deletion process of “old” local minima acts in a rather
uniform way over the whole search landscape: it does not depend on
the Hamming distance from theFLM point. Therefore, the changes
affecting the search landscape in no way can be considered a local-
ized effect.
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Figure 4. Fraction of canceled local minima over the search landscape.
The curves are for the different∆w values (0.5, 1, 2, 4, 128)

The results clearly confirm the hints and the anecdotic evidence
of previous researchers: weight updates caused by a specific local
minimum encountered along the trajectory have a huge global effect:
to escape from a single local attractor one is modifying in a radical
manner also the value of configurations which are very far from the
local minimum. In addition, a very large fraction of the initial lo-

cal minima are canceled, about 50% in the given example, after an
update caused by a single local minimum.

To measure the quality of the warped fitness landscape w.r.t. the
original landscape, the quality of the deleted/generated local min-
ima is also taken into account. The quality of the local minima is
measured in terms of the cost functionf , which counts the number
of unsatisfied clauses. The smaller is thef value, the better is the
quality of the local minimum, as it can be considered a better “ap-
proximation” of the global minima.

In particular, do weight-update schemes generate a “better” land-
scape, i.e., a landscape allowing better performance for local search
strategies? This would be the case if poor quality local minima are
ironed out but good quality ones are preserved. Furthermore, is the
deletion/generation of the local minima related to their quality?

The weight-update mechanism aims at raising up (i.e., deleting)
the local minimum which the algorithm is trapped in, allowing to
escape from it (see Fig. 1). Let’s call this local minimum thecur-
rent local minimum. (Note that in our experiments thecurrent local
minimum is theFLM point).

There is a popular belief that the weight-update mechanism tends
to delete low quality local minima in addition to the current one,
obtaining a “cleaner” fitness surface. As a results, the warped surface
should speed up the search of the global minima.

However, for the instance considered in the exhaustive analysis,
we show this is not the case. Fig. 5 and 6 show the mean quality of
the generated and deleted local minima w.r.t. the mean quality of the
local minima in the original fitness surface. The different plots are
for different weight update values shown in the labels. The plots for
the weight update values8.0, 16.0, 32.0 and128.0 are equal to the
plot for ∆w = 4.0.

The quality of the newly generated local minima is worse than
the quality of the deleted ones. Furthermore, for all the weight up-
date values considered, the mean quality of the local minima in the
warped surface never improves w.r.t. the mean quality of the local
minima in the original surface (Table 1). In most of the cases, it is
worse.

∆w LM number mean LM quality

0.0 1629 6.7114

0.01 958 6.5417
0.1 957 6.5423
0.5 974 6.5533
1.0 1383 6.8886
2.0 1244 7.0506
4.0 1227 7.1035

Table 1. Snapshot of the fitness surface after the weight-update operation.
The first column indicates the∆w value, while the second and third ones

show the number of local minima and their mean quality, measured interms
of the cost functionf . The first line (weight update equal to0.0) indicates

the original “fitness surface”.

Again, the strong global effect is observed: the quality of
deleted/generated local minima does not depend on the Hamming
distance from theFLM point.

In this experiment theglobal minima of the studied MAX-SAT
instance (corresponding to3 points with score function equal to2)
are not affected by the collateral effect of the weight update, i.e.,
they are stillglobal minima in the warped surface.

The analysis performed shows that the warped surface obtained
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Figure 5. The mean quality of the generated/deleted local minima for the
weight update values0.01, 0.5, 1.0. The curve labeled as “original” shows

the mean quality of the local minima in the initial fitness surface.
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Figure 6. The mean quality of the generated/deleted local minima for the
weight update values2.0, 4.0. The curve labeled as “original” shows the

mean quality of the local minima in the initial fitness surface.
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in all the experiments does not correspond to one of a better quality
for the local search techniques. The long runs of complete penalty-
based algorithms reported in the last part of the paper fully validate
this observation.

To verify that our observations are not biased by the MAX-
SAT instances benchmark selected, we now consider a small hand
crafted MAX-SAT instance obtained from the SAT 2005 competi-
tion, with 24 variables and 61 clauses, and repeat the exhaustive anal-
ysis of the search space. Fig. 7, 8 and 9 show the distribution of the
deleted/generated local minima and the ratio among the deleted and
the initial local minima, respectively.
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Figure 7. Distribution of the newly generated local minima over different
warped landscapes. The curves describe the landscape generated by a weight

increase operation with different∆w values (0.01, 0.5, 2.0). For
∆w = 0.01 and∆w = 0.5 no new local minima are generated.
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Figure 8. Distribution of the canceled local minima over different warped
landscapes. The curves describe the landscape generated bya weight

increase operation with different∆w values (0.01, 0.5, 2.0)

Fig. 10 compares the mean quality of the generated/deleted local
minima w.r.t. the quality of the initial local minima for weight update
values equal to0.01, 0.5, and2.0. The warped surface obtained for
the weight update values4.0, 8.0, 16.0, 32.0, 64.0 and128.0 is equal
to the case∆w = 2.0.

Table 2 summarizes the changes among the original and the
warped fitness surface for the various experiments.
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Figure 9. Fraction of canceled local minima over the search landscape.
The curves are for the different∆w values (0.01, 0.5, 2.0)

∆w LM number mean LM quality

0.0 7756 3.7748

0.01 5341 3.5967
0.1 5341 3.5967
0.5 5341 3.5967
1.0 6139 3.7730
2.0 6056 3.7836

Table 2. Snapshot of the fitness surface after the weight-update operation.
The first column show the weight update considered, while the second and

third ones show the number of local minima and their mean quality,
measured in terms of the cost functionf . The first line (weight update equal

to 0.0) indicates the original “fitness surface”.

The results on the crafted instance confirm the observations for the
random instance:

• the distribution and the quality of the deleted/generated local min-
ima do not depend strongly on the Hamming distance from the
FLM point;

• the number of the deleted local minima is bigger than the number
of newly generated local minima;

• the mean quality of the local minima in the new fitness surface is
never strongly improved (in some cases, it is even worse).

Again, the penalty-based approach exhibits a global and potentially
undesiderable side effect.

Furthermore, in this case theglobal minima are affected by the
weight- update operation. In the original fitness surface there are134

global minima; for the weight update values bigger than2.0 consid-
ered,12 of them are deleted: over the warped surface they are not
even a local minimum. For the weight update values smaller than
1.0, one initial global minimum becomes a local minimum point in
the warped surface, while11 initial global minima do not remain
local minima.

4 Diversification-bias analysis

We follow the diversification-bias empirical analysis (“D-B plots”)
proposed in [1] where the authors conjecture that the dominant

5
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Figure 10. The mean quality of the generated/deleted local minima for the
weight update values0.01, 0.5, 2.0. The curve labeled as “original” shows

the mean quality of the local minima in the initial fitness surface.

Pareto-optimal points on D-B plots of basic versions of SLS schemes
have an empirical predictive power for the overall success of the
methods. The metric used to measure the quality of the visited points
(or, simply, thebiasof the algorithm) is their average cost function
value, while the diversification is measured via the average Ham-
ming distance reached in short runs starting from a local optimum.
A scheme (characterized by the choice of algorithm and parameter,
∆w or prohibitionT ) is Pareto-optimal if there is no other scheme
reaching both a higher diversificationanda better bias. The prohibi-
tion scheme (GSAT/tabu) acts according to the very simple rule: after
a single bit (truth value) is changed, it cannot be changed again for
the nextT iterations. Among the admissible bits (the ones which can
be changed), one leading to the best∆f value is chosen randomly
among the possible ties.

By using the D-B plots, we want to understand how the warped
landscapes generated by the weight-update schemes affect the per-
formance of the dynamic local search (DLS) algorithms, considering
both bias and diversification. In particular, we compare the results for
the weight-update method with the results of the prohibition-based
approach.

All runs of the algorithms considered proceed as follows: as soon
as the first local optimum for the “standard”f function is encoun-
tered, it is stored and the algorithm is then run for additional4 ∗ n
iterations. The final D-B values averaged over 500 tests are reported.
For each test we identify the first local minimum via the GSAT algo-
rithm, and then, depending on the different test, we run one among
GSAT/tabu and the weighted version of GSAT, starting from the the
discovered local minimum.

The tests presented in this work are dedicated to selected MAX-3-
SAT instances defined in [7]. In detail, ifn : m identify variables and
clauses, 50 instances for the 20:110 cases have been randomly gener-
ated. The different algorithms are run for the different instances, for
a total of 500 tests. The average results are presented.

First, we evaluate the GSAT/tabu method based on fixed prohi-
bitions. Then we study the performance of a simplified version of
the weighted GSAT algorithm. Initially all clause weights are equal
to one and, once the first local optimum is encountered, the weights
of the currently unsatisfied clauses are increased by a fixed quantity
∆w. Let’s note that the increment of the weights is performed only
once: for the subsequent local minima, weights remain fixed.

Fig. 11 shows the results obtained by running the considered al-
gorithm for4 ∗ n steps after the first local minimum discovered by
the GSAT algorithm for the same SAT instances. The labels for the
curve namedgsatWeightedrepresent the different∆w values consid-
ered. The value0 for the “gsatWeighted” curve represents the case of
the original GSAT algorithm [12]. The curve namedgsatTabuis la-
beled with the values for the fractional prohibitionTf , given by the
prohibition parameter divided byn.

The bias is plotted asdifferencew.r.t. the startingf value at the lo-
cal minimum (good values are therefore at the bottom), the Hamming
distance is divided by the number of variablesn. One notes that small
prohibitions values lead to bias levels comparable with the penalty-
based scheme, but they allow for a bigger diversification. This result
is confirmed by the repetition of the experiment over the 500:5000
instances, which shows a bigger set of Pareto-optimal points for the
prohibition-based scheme (Fig. 12).

In Sec. 6 we consider the original complete schemes for penalty-
based and prohibition-based approaches, including the reactive and
dynamic versions and analyze the averagef values obtained for long
runs. The D-B plots Pareto-optimal points are indeed accurate pre-
dictors of performance over the long runs.

6



-2
-1.8
-1.6
-1.4
-1.2

-1
-0.8
-0.6
-0.4
-0.2

 0
 0.2
 0.4
 0.6
 0.8

 1

 0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5m
ea

n 
di

ffe
re

nc
e 

un
sa

t c
la

us
es

 (
at

 4
 *

 #
V

ar
 it

er
)

mean Hamming distance (at 4 * #Var iter)

0.0
0.1 0.5 1.0

128.0
.05

.1

.15

.2

.3

gsatTabu
gsatWeighted

Figure 11. Diversification-bias plots of prohibition-based and
penalty-based strategies (20:110 MAX-SAT instance). The curve named
gsatTabuis labeled with the values for the fractional prohibitionTf , the
curve namedgsatWeightedis labeled with the∆w values for the weights

update (points for∆w = 8, 16, 32, 64, 128 are at a very similar position).

-100

-90

-80

-70

-60

-50

-40

-30

-20

-10

 0

 0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5m
ea

n 
di

ffe
re

nc
e 

un
sa

t c
la

us
es

 (
at

 4
 *

 #
V

ar
 it

er
)

mean Hamming distance (at 4 * #Var iter)

0.0

0.1 0.5 1.0

2.0

4.0

.01 
.02 .03 .04 .05 

.15

.30

gsatTabu
gsatWeighted

Figure 12. Diversification-bias plots of prohibition-based and
penalty-based strategies (500:5000 MAX-SAT instance).

5 Sample trajectories analysis

We now consider the impact of the penalty-based and of the
prohibition-based mechanisms on the dynamical evolution of the
search trajectories. In particular, do the changes on the landscape
caused by the weight-update strategy significantly affect the behav-
ior of a dynamic local search algorithm? If yes, is the biased behavior
observed while visiting the region surrounding the firstFLM point
or over the whole search landscape? Furthermore, we ask whether
the prohibition-based strategy, that does not modify the fitness sur-
face, performs a similar function but with a more direct manner. Let’s
consider again the simplified prohibition-based mechanism and the
weight-update strategy described so far. We execute a single short
run of both methods starting from aFLM point on the 20:110 in-
stance considered (the first point encountered by local search starting
from an initial random configuration), and measure the diversifica-
tion level reached in both cases (Fig. 13 and 14). We repeat the ex-
periment using different values of the fractional prohibitionTf and of
the ∆w quantity. The trajectories of the prohibition-based scheme
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Figure 13. Evolution of the Hamming distance of single short trajectories
of the prohibition-based strategy .
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show an initial Hamming distance growing linearly up to distance
T +1, a deterministic effect cause by the prohibition mechanism, fol-
lowed by a diverse and randomized exploration of the search space.
The average deviation of the distances tends to grow with the larger
prohibition values. No evidence of entrapment is shown in the later
steps.

The situation is qualitatively different for the penalty-based
scheme. For small∆w values (values smaller than1.0, in this case),
the trajectory shows a cycle of length2. For bigger values, the al-
gorithm escapes from the attraction basin of theFLM point, but
it is eventually stuck at another local minimum. For the1.0 value,
the algorithm cannot escape from this second local minimum. Fur-
thermore, for all the values bigger than1.0 the same trajectory is
observed. This is not surprising, as in the exhaustive analysis we ob-
served that the number of canceled/generated local minima is the
same in all cases. To be fair, let’s note that the observed cycles may
be avoided by considering more complex weight-update based mech-
anism, that perform the weight update for each local minimum en-
countered during the trajectory.
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Figure 15. Performance of prohibition-based strategy during short
trajectories. The values are averaged over 1000 trajectories starting at a

different initialFLM point.

To validate our initial observation of sample trajectories, we now
consider the performance of penalty-based and prohibition-based ap-
proaches averaged over1000 runs performed starting from1000 dif-
ferent initial local minima. Fig. 15 show that during the first iter-
ations of the prohibition-based approach the diversification strictly
increases, as expected, and that, eventually, it tends to converge to a
common value. The memory about the initial local minimum is effec-
tively lost and exploration proceeds without hindrance. Furthermore,
larger values for the prohibitionT lead to a bigger initial diversifi-
cation. Fig. 16 clearly indicates that the performance in terms of di-
versification of the penalty-based approach is worse than that of the
prohibition-based strategy: smaller Hamming distances are reached
and the effect shows a fragile dependence on the∆w values, which
can be compared to the rather similar behavior of differentT values
after runs of comparable length (60 iterations in our case). As sug-
gested by intuition, a better diversification is reached with the bigger
∆w values. In particular, the worst performance is reached by the
GSAT algorithm, that operates over the non-weightedf function.
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Figure 16. Performance of penalty-based strategy during short trajectories.
The values are averaged over 1000 trajectories starting at adifferent initial

FLM point.

6 Experiments on long runs

Even if this work does not target the horse-racing point of view, to
validate the results of the exhaustive analysis and of the D-B plots
experiments, we show the MAX-SAT results reached by the penalty-
based and the prohibition-based approaches. In particular, we con-
sider the 500:5000 and the 300:1500 MAX-SAT benchmarks and
execute the following SLS approaches:

• GSAT [12], a basic local search greedy strategy guided by the
score functionf , that simply counts the number of unsatisfied
clauses;

• GSAT/tabu [14], which enriches the GSAT algorithm via a
prohibition-based search criterion;

• WalkSAT/SKC [11], the ancestor of the WalkSat family. It ran-
domly alternates between greedy minimizing moves and random
noisy moves. The moves of both kinds act on the variables appear-
ing in unsatisfied clauses;

• WalkSAT/tabu [6], that adopts the same score function and the
same variables selection mechanism of the WalkSAT/SKC algo-
rithm, complemented by tabu search;

• H-RTS, a Hamming-based reactive tabu search algorithm, that dy-
namically adapts the prohibition parameter during the search;

• AdaptNovelty+ [16], that exploits the concept of variable “age”
and uses the same scoring function of GSAT. The variable age can
be considered a sort of soft prohibition of recently-changed vari-
ables in the case of ties. The prefix“Adapt” underlines a reactive
behavior, that dynamically adjusts its internal parameters;

• Scaling and Probabilistic Smoothing (SAPS) [18], an accelerated
version of the Exponentiated Subgradient algorithm [9] based on
dynamic penalties, and a reactive version thereof called RSAPS.

For brevity we report here only the average results (10 runs with
different random seeds for each of the 50 instances) as a function
of the number of iterations (flips). The user of SLS algorithms is
typically interested in the number of iterations required by each al-
gorithm to reach the desired results, or, at least, a good quality ap-
proximation. As predicted by the previous diversification-bias anal-
ysis and according to the exhaustive search experiments performed,
the curves in Fig. 17 confirm a clear superiority of the prohibition-
based techniques with respect to the penalty-based approaches. The
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error bars are not shown on the plots to avoid cluttering. Among all
the possible values for the tabu parameter of the WalkSAT/tabu algo-
rithm, we plot the case where the fractional prohibitionTf is 0.01, as
with this setting we obtain the best performance over the considered
benchmark. The same for the GSAT/tabu algorithm, whose curve is
drawn for the optimalTf value0.05 over our benchmark set.

The SAPS parameters have been set to the default values, with-
out attempting any extensive optimization. Preliminary tests obtained
changing the values did not lead to significant improvements.

With this optimal setting, the GSAT/tabu algorithm reaches even-
tually a performance equivalent to that of H-RTS, even if its perfor-
mance is inferior in the initial phase. This result clearly indicates that
parameters setting is crucial for the algorithms performance: not only
H-RTS reaches results comparable to the ones with a fixed and op-
timal Tf , but it actually improves on these because of the dynamic
on-line adaptation. This observation is emphasized by the curves for
SAPS and RSAPS. They confirm the effectiveness of the reactive ap-
proach, that obtains better results while, at same time, allowing to
avoid the manual tuning. The SAPS parameters have been set to the
default values, without attempting any extensive optimization. Pre-
liminary tests obtained by changing the values did not lead to signif-
icant improvements.

Finally, the curve for H-RTS shows the effectiveness of the NOB
search to rapidly discover good local optima.
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Figure 17. The mean best so far bias value reached by the SAPS, RSAPS,
AdaptNovelty+ and H-RTS algorithms.

Fig. 18 shows the behavior of the same algorithms in a scenario
closer to the satisfiability threshold (the clauses/variables ratio of the
300:1500 tasks is 5) and to the small 20:110 MAX-SAT instance con-
sidered for the exhaustive analysis. The results of the previous long
runs experiment are confirmed, apart from the competitive perfor-
mance of AdaptNovelty+ which eventually duplicates H-RTS’ per-
formance although with a much slower start.

Let us note that many of the considered techniques have been pro-
posed for SAT and one may argue that a direct comparison with
MAX-SAT algorithms such as H-RTS is not fair. On the other hand,
the underlying logic of the methods is always based on maximizing
the number of satisfied clauses, which is an argument in favor a di-
rect comparison, in particular for adaptive techniques. In any case,
this issue will be explored further in the future.
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7 Conclusion

We presented some selected results of an ongoing comprehensive
evaluation of alternatives design strategies for MAX-SAT algorithms
base on stochastic local search. In particular, we focused on studying
the qualitative differences of the dynamics caused by prohibition-
and penalty-based schemes, by exhaustively analyzing the warped
landscape of small problems, by measuring the diversification and
the bias after starting from local minima, and the average behavior of
sample trajectories.

The results confirm the hypothesis that penalty-based modifica-
tions of the search landscape have global side-effects with a poten-
tially disturbing influence on the search trajectory. The real advan-
tage of these schemes appears to be the fact of forcing the trajectory
to abandon an area around a local optimizer to avoid confinement.

On the other hand, a very similar “escaping” effect can be ob-
tained by direct prohibition-based schemes, which do not require the
addition of explicit forgetting schemes as a cure to the potentially
harming side-effects and are more amenable to explanation. We are
aware of the preliminary and in part controversial nature of this in-
vestigation, which motivates additional work to further substantiate
this hypothesis, when both dynamical system properties and the final
competitiveness of the implemented schemes are considered.
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