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Abstra
t

A new Rea
tive Lo
al Sear
h (RLS ) algorithm is proposed for the solution of the

Maximum-Clique problem. RLS is based on lo
al sear
h 
omplemented by a feedba
k

(history-sensitive) s
heme to determine the amount of diversi�
ation. The rea
tion a
ts

on the single parameter that de
ides the temporary prohibition of sele
ted moves in the

neighborhood, in a manner inspired by Tabu Sear
h. The performan
e obtained in 
ompu-

tational tests appears to be signi�
antly better with respe
t to all algorithms tested at the

the se
ond DIMACS implementation 
hallenge. The worst-
ase 
omplexity per iteration

of the algorithm is O(maxfn;mg) where n and m are the number of nodes and edges of

the graph. In pra
ti
e, when a vertex is moved, the number of operations tends to be

proportional to its number of missing edges and therefore the iterations are parti
ularly

fast in dense graphs.

Key words: maximum 
lique problem, heuristi
 algorithms, tabu sear
h, rea
tive sear
h.

1 Introdu
tion

Maximum Clique (MC for short) is a paradigmati
 
ombinatorial optimization problem with

relevant appli
ations and, be
ause of its 
omputational intra
tability, it has been extensively

studied in the last years [34℄.

Let G = (V;E) be an arbitrary undire
ted graph, V = f1; 2; : : : ; ng its vertex set, E �

V � V its edge set, and G(S) = (S;E \ S � S) the subgraph indu
ed by S, where S is a

subset of V . A graph G = (V;E) is 
omplete if all its verti
es are pairwise adja
ent, i.e.

8i; j 2 V; (i; j) 2 E. A 
lique K is a subset of V su
h that G(K) is 
omplete. The Maximum

Clique (MC) problem asks for a 
lique of maximum 
ardinality.

MC is an NP-hard problem, furthermore strong negative results have been shown about

its approximation properties (for a survey on the approximability of NP-hard problems see

[1℄). In parti
ular, if P 6= NP , MC is not approximable within n

1=4��

for any � > 0, n being

�

Mar
o died on Feb 1, 1998.
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the number of nodes in the graph [12℄, and it is not approximable within n

1��

for any � > 0,

unless 
o�RP = NP [25℄.

In this paper a new rea
tive heuristi
 is proposed for the Maximum Clique problem: Rea
-

tive Lo
al Sear
h (RLS ). RLS 
omplements lo
al-neighborhood-sear
h with prohibition-based

diversi�
ation te
hniques, where the amount of diversi�
ation is determined in an automated

way through a feedba
k s
heme.

Lo
al sear
h is a well known te
hnique that 
an be very e�e
tive in sear
hing for good

lo
ally optimal solutions. On the other hand, lo
al sear
h 
an be trapped in lo
al optima

and be unable to rea
h a global optimum or even good approximate solutions. Many im-

provements have been proposed, in parti
ular F. Glover's Tabu Sear
h [19℄ (TS for short) has

been su

essfully applied to a growing number of problems, in
luding MC [35℄. TS is based

on prohibitions: some lo
al moves are temporarily prohibited in order to avoid 
y
les in the

sear
h traje
tory and to explore new parts of the total sear
h spa
e. Similar ideas have been

used in the past for the Traveling Salesman [36℄ and Graph Partitioning [31℄ problems.

Rea
tive s
hemes aim at obtaining algorithms with an internal feedba
k (learning) loop, so

that the tuning is automated. In addition, the tuning a
ts on-line, while the algorithm runs

on a single instan
e. Therefore properties of the task and lo
al properties of the portion of the


on�guration spa
e that is being visited 
an be taken into a

ount. Rea
tive s
hemes need

memory: information about past events is 
olle
ted and used in the future part of the sear
h

algorithm. A TS-based rea
tive s
heme (RTS ) has been introdu
ed in [9℄. RLS adopts a

rea
tive strategy that is appropriate for the neighborhood stru
ture of MC: the feedba
k a
ts

on a single parameter (the prohibition period) that regulates the sear
h diversi�
ation and an

expli
it memory-in
uen
ed restart is a
tivated periodi
ally.

The quality of the experimental results obtained by RLS is very satisfa
tory. Standard

ben
hmark instan
es and timing 
odes for MC have been designed as part of the international

Implementation Challenge, organized in 1993 by the Center for Dis
rete Mathemati
s and

Theoreti
al Computer S
ien
e to study e�e
tive optimization and approximation algorithms

for Maximum Clique, Graph Coloring, and Satis�ability. 37 signi�
ant MC instan
es were

sele
ted by the organizers to provide a \snapshot" of the algorithm's e�e
tiveness, and the

results obtained by the parti
ipants on a ben
hmark 
ontaining a wide spe
trum of graphs

were presented at a DIMACS workshop [30℄.

The results obtained by RLS on these instan
es are as follows: if one 
onsiders the best

among all values found by the �fteen heuristi
 algorithms presented at the DIMACS work-

shop, RLS rea
hes the same value or a better one in 36 out of 37 
ases. In two instan
es


orresponding to large graphs RLS �nds new values (in one 
ase better by one, in the other by

three verti
es). In the single 
ases where the 
urrent best value is not obtained, the di�eren
e

is of one vertex.

As a 
omparison, when the same set of 37 graphs is 
onsidered, the best four 
ompetitors

obtained the best value in a range from 23 to 27 instan
es (in a range from 21 to 25 after


onsidering the two new values found by RLS ). The s
aled times needed by three of them

are larger than RLS times by at least a fa
tor of ten. The fourth algorithm is slightly faster

than RLS but found only 24 best values (22 if the new values are 
onsidered), by exe
uting

hundreds of runs for most tasks.

The experimental eÆ
a
y and eÆ
ien
y of RLS is strengthened by an analysis of the


omplexity of a single iteration. It is shown that the worst-
ase 
ost is O(maxfn;mg) where

n and m are the number of nodes and edges, respe
tively. In pra
ti
e, the 
ost analysis is
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pessimisti
 and the measured number of operations tends to be a small 
onstant times the

average degree of nodes in G, the 
omplement of the original graph.

The remaining part of this paper is organized as follows. After a short review of existing

approa
hes for Maximum Clique based on Tabu Sear
h (Se
. 2) we dis
uss the motivation for

rea
tive s
hemes (Se
. 3) and the adaptation to Maximum Clique (Se
. 3.1). We analyze a

series of preliminary experiments exe
uted to motivate the basi
 algorithm 
hoi
es in Se
. 4

and present the RLS algorithm top-level view in Se
. 5. Then we study the realization of RLS

with data stru
tures with minimal 
omputational 
omplexity in Se
. 6. Finally we present the

experimental results obtained on a series of tasks re
ently proposed in the DIMACS 
hallenge

[30℄ in Se
. 7. Two variants studied during the development of RLS are dis
ussed in Se
. 8.

2 Tabu Sear
h heuristi
s for Maximum Clique

As a re
ent bibliography about max-
lique 
an be found in [34℄. Here the s
ope is limited to

methods based on lo
al sear
h with prohibition-based diversi�
ation te
hniques. In parti
ular,

in the Tabu Sear
h (TS) framework, diversi�
ation is obtained through the temporary pro-

hibition of some moves. Based on ideas developed independently by Glover [19℄ and Hansen

and Jaumard [23℄, TS aims at maximizing a fun
tion f by using an iterative modi�ed lo
al

sear
h. At ea
h step of the iterative pro
ess, the sele
ted move is the one that produ
es the

highest f value in the neighborhood. This move is exe
uted even if f de
reases with respe
t

to the value at the 
urrent point, to exit from lo
al optima. As soon as a move is applied,

the inverse move is prohibited (i.e., not 
onsidered during the neighborhood evaluation) for

the next T iterations. Prohibitions 
an be realized by using a �rst-in �rst-out list of length

T (the \tabu list"), where the inverse of moves enter immediately after their exe
ution, are

shifted at ea
h iteration, and therefore exit after T steps. A move is prohibited at a given

iteration if and only if it is lo
ated in the \tabu list." This realization explains the traditional

term list size for the parameter T . Here the term prohibition period is preferred be
ause it

does not refer to a spe
i�
 implementation. As a �nal remark, it is useful to 
ontrast rea
tive

history-sensitive s
hemes with algorithms based on Markov (i.e., memory-less) pro
esses like

Simulated Annealing [32℄, where the next 
on�guration during the sear
h is 
hosen with a

probability that depends only on the 
urrent 
on�guration.

A problem related to the Maximum Clique is the Maximum Stable Set, where one is to

�nd a set of pairwise nonadja
ent nodes of maximum 
ardinality. A maximum stable set of G

is a maximum 
lique of G, the graph-theoreti
 
omplement of G. Tabu Sear
h has been used

in Frieden et al. [17℄ for �nding large stable sets (STABULUS). The size s

b

of the stable set

to sear
h for is �xed, and the algorithm tries to minimize the number of edges 
ontained in

the 
urrent subset of s

b

nodes, while aiming at redu
ing this number to zero.

Gendreau et al. [20℄ 
onsider a di�erent framework: the sear
h spa
e 
onsists of legal


liques, whose size has to be maximized. Three di�erent versions of TS are introdu
ed and

su

essfully 
ompared with an iterated version of STABULUS. In the \iterated STABULUS"

algorithm, an initial 
lique is found with a greedy te
hnique (let

~

k be its size), then STABULUS

is applied to the 
omplement graph G, trying to �nd 
liques of size

~

k + 1;

~

k + 2; :::, until it

fails to �nd one of the target size in a given maximum number of iterations. Two of the newly

introdu
ed TS versions are deterministi
, one (ST) based on a single tabu list of the last jT

1

j

solutions visited, the other (DT) adding a se
ond list of the last jT

2

j verti
es deleted. Only
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additions of nodes to the 
urrent 
lique 
an be restri
ted (deletions are always possible). The

third version (PT) is sto
hasti
: let S

t

be the set of the verti
es that 
an be added to the


urrent 
lique I

t

, if jS

t

j > 0 a random sample of S

t

is 
onsidered for a possible (non-tabu)

addition, otherwise, if the 
urrent solution I

t

is a lo
al optimum and no nodes 
an be added,

a number of randomly extra
ted nodes in I

t

are removed from it. Additional diversi�
ation

strategies are used in [35℄.

3 Rea
tive sear
h: the framework

One of the frequently raised 
riti
isms is that it is diÆ
ult to judge the intrinsi
 quality of

s
hemes that 
ontain many possible 
hoi
es and free parameters [5℄. As an example, Ge-

neti
 Algorithms [26, 3℄ and advan
ed Simulated Annealing [29℄ versions with about �ve free

parameters are not unusual, and one �nds versions in the literature with up to about ten

parameters.

In some 
ases parameters are tuned through a feedba
k loop that in
ludes the user as a


ru
ial learning 
omponent: depending on preliminary tests, some values are 
hanged and

di�erent options are tested until a

eptable results on a set of instan
es are obtained. The

quality of results is not automati
ally transferred to di�erent instan
es and the feedba
k loop


an require a lengthy \trial and error" pro
ess before a

eptable results are obtained.

Rea
tive s
hemes aim at obtaining algorithms with an internal feedba
k loop. These

s
hemes maintain the 
exibility needed to 
over in an eÆ
ient and e�e
tive way di�erent

instan
es of a problem, but the tuning is automated through feedba
k s
hemes that 
onsider

the past history of the sear
h. Rea
tion is therefore history-sensitive: relevant information

about past events is 
olle
ted and used to in
uen
e the future part of the sear
h.

In parti
ular, it is of interest to study rea
tive algorithms based on lo
al-neighborhood

sear
h. Lo
al sear
h is one of the most widely used heuristi
s, in whi
h, after starting from

an initial point (possibly randomly sele
ted), one generates a sear
h traje
tory X

(t)

(t is the

iteration 
ounter) in the admissible sear
h spa
e X . At ea
h iteration, the su

essor X

(t+1)

of

a point is sele
ted from a neighborhood N(X

(t)

) that asso
iates to the 
urrent point X

(t)

a sub-

set of X . Lo
al sear
h 
an be 
lassi�ed as an intensi�
ation s
heme, and, if the neighborhood

stru
ture is appropriate, it 
an be very e�e
tive in sear
hing for good lo
ally optimal 
on�g-

urations. Nonetheless, for many optimization problems of interest, a 
loser approximation to

the global optimum is required, and therefore more 
omplex s
hemes are needed. An example

of a straightforward modi�
ation are multiple runs of lo
al sear
h, in whi
h one starts from a

di�erent random point after rea
hing a lo
al optimum.

Our resear
h is fo
ussed onto automated diversi�
ation s
hemes: diversi�
ation is enfor
ed

only when there is eviden
e { obtained from the past history { that diversi�
ation is needed.

The basi
 Tabu Sear
h 
annot guarantee the absen
e of 
y
les and depends on an appropriate


hoi
e of T for its su

ess. Rea
tive Tabu Sear
h (RTS ) [9℄ adapts T during the sear
h so

that its value is appropriate to the lo
al stru
ture of a spe
i�
 instan
e of a problem, and uses

a se
ond long-term rea
tive me
hanism to deal with 
on�nements of the sear
h traje
tory that

are not avoided by the use of temporary prohibitions: if too many 
on�gurations are repeated

too often a sequen
e of random steps is exe
uted. Hashing is used for the memory look-up

and insertion operations. In the 
omputational tests RTS generally outperforms non-rea
tive

versions of TS and 
ompetitive algorithms like Simulated Annealing, Geneti
 Algorithms,
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Neural Networks [10, 11, 6, 8℄. Solutions of better quality are obtained by using 
omparable

and often less running times.

3.1 Adaptation to Maximum Clique

The RLS algorithm modi�es RTS by taking into a

ount the parti
ular neighborhood stru
-

ture of MC. This is re
e
ted in the following two fa
ts: feedba
k from the sear
h history

determines the prohibition parameter T , and an expli
it memory-in
uen
ed restart is a
ti-

vated periodi
ally as a long-term diversi�
ation tool, to assure that ea
h vertex is eventually

tried as a member of the 
urrent solution. Both building blo
ks of RLS use the memory about

the past history of the sear
h (the set of visited 
liques with visit times).

The admissible sear
h spa
e X is the set of all 
liques X in an instan
e graph G(V;E).

The fun
tion to be maximized is the 
lique size f(X) = jXj, and the neighborhood N(X)


onsists of all 
liques that 
an be obtained from X by adding or dropping a single vertex. The

neighborhood 
an be partitioned into N

�

(X) obtained by applying drop moves, and N

+

(X)

obtained by applying add moves.

N

+

(X) = fX

0

: X

0

is a 
lique ;X

0

= X [ fxg; x 2 V nXg (1)

N

�

(X) = fX

0

: X

0

is a 
lique ;X

0

= X n fxg; x 2 Xg (2)

Let us note that the neighborhood stru
ture is symmetri
 (X

0

2 N

�

(X) i� X 2 N

+

(X

0

)).

The same neighborhood is exploited by many bran
h and bound algorithms and is used in the

TS appli
ation in [35℄.

At a given iteration t of the sear
h, the neighborhood set N(X) is partitioned into the

set of prohibited neighbors and the set allowed neighbors. The same terms prohibited and

allowed are used for the 
orresponding add-drop moves. The prohibition rule is as follows:

as soon as a vertex is added (dropped), it remains prohibited for the next T iterations. The

prohibition period T is related to the amount of diversi�
ation. Let us de�ne as �(K;K

0

) the

symmetri
 di�eren
e of sets K and K

0

. In other words, �(K;K

0

) is the Hamming distan
e if

the membership fun
tions of the two sets are represented with binary strings with a bit for ea
h

vertex. In an admissible sear
h spa
e 
onsisting of all n-bit binary strings, the requirement

that T � (n� 2) is ne
essary and suÆ
ient to assure that at least two moves are allowed, so

that the sear
h is not stu
k and the move 
hoi
e is in
uen
ed by the 
ost fun
tion value. In

the MC 
ase not every string 
orresponds to a 
lique and the requirement is only ne
essary

but not suÆ
ient (prohibitions need to be relaxed if no move is allowed, see Se
. 5.1). In the

assumption that the above requirement is valid and that only allowed moves are exe
uted, the

relationship between T and the diversi�
ation [11℄ is as follows:

� The Hamming distan
e � between a starting point and su

essive point along the tra-

je
tory is stri
tly in
reasing for T + 1 steps.

�(X

(t+�)

;X

(t)

) = � for � � T + 1

� Let us de�ne as a repetition the fa
t that the same 
on�guration is found multiple

times along the sear
h traje
tory, i.e., one has a repetition at time t + R (for R > 0)

if X

(t+R)

= X

(t)

. The repetition interval R along the traje
tory is lower-bounded by

2(T + 1).

X

(t+R)

= X

(t)

) R � 2(T + 1)
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The prohibition expires after a �nite number of steps T be
ause the prohibited moves 
an

be ne
essary to rea
h the optimum in a later phase. In RLS the prohibition period is time-

dependent, and therefore the notation T

(t)

will be used to stress this dependen
y. For a given

T

(t)

the prohibition of a move is realized as follows:

De�nition 3.1 Let LastMoved[v℄ be the last iteration that vertex v 2 G has been moved,

i.e., added to or dropped from the 
urrent 
lique (LastMoved[v℄ = �1, at the beginning of

the sear
h).

Vertex v is prohibited at iteration t if and only if it satis�es:

LastMoved[v℄ � (t� T

(t)

) .

4 A preliminary experimental study: lo
al sear
h with prohi-

bitions

After starting from the general Rea
tive Sear
h framework, we exe
uted many implementation

de
isions to obtain the �nal algorithm. While some readers may be interested in the �nal

\horse-ra
e" results, we think that it is important to motivate the di�erent 
hoi
es through

fo
ussed experiments and to judge the relative impa
t of the di�erent 
hoi
es on the �nal

results and the robustness of the algorithm with respe
t to variations of its parameters.

We aim at a 
ompromise: while it would be too long and tedious to illustrate in detail all

experiments that have been exe
uted to obtain the �nal algorithm, we 
on
entrate on a subset

of the experiments and on a subset of the graphs. These experiments motivate the three basi



hoi
es that have been exe
uted after starting from the basi
 lo
al sear
h method.

The �rst 
hoi
e deals with the 
riterion used to judge potential 
andidates in the neighbor-

hood. In parti
ular, be
ause the fun
tion to be optimized (the number of nodes in a 
lique)


hanges by only two possible values (plus or minus one) in many 
ases there will be more


andidates leading to the same 
hange. We show experimentally that a partially deterministi


tie-breaking 
iterion for sele
ting among the neighbors is preferable to a 
ompletely random

sele
tion among the tied best neighbors.

The se
ond 
hoi
e is that of 
ontinuing the sear
h in the vi
inity of a lo
al optimum after

the point is rea
hed by the basi
 lo
al sear
h te
hnique. The alternative 
hoi
e in this 
ase

is that of restarting from a new initial 
on�guration immediately after rea
hing the lo
al

optimum.

The third 
hoi
e is that of introdu
ing prohibitions: some neighbors are prohibited to

enfor
e diversi�
ation. The alternative is of 
ourse that of allowing all neighbors when the

sear
h is 
ontinued beyond a lo
ally optimal point.

Additional 
hoi
es have been exe
uted to determine the values of the parameters used

in the routines In
rease and De
rease, and the values of the parameters A and B, see

Se
. 5.2. In this 
ase a preliminary 
hoi
e has been exe
uted based on previous experiments

with rea
tive s
hemes, see for example [6, 8, 9℄. Then a number of robustness tests have been

exe
uted: the parameters were 
hanged in both dire
tions by a fa
tor of two and four without

observing signi�
ant and 
onsistent performan
e 
hanges for all graph kinds.

But we did not optimize these parameters on the given tasks, both be
ause the detailed

optimization would require ex
essive CPU times and be
ause we wanted to show that a simple
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rea
tive s
heme is 
apable of rea
hing state-of-the-art results even in the absen
e of a detailed

optimization on the given tasks. Furthermore, it is not s
ienti�
ally 
orre
t to tune the pa-

rameters on the same tasks that are used in the �nal tests. One should 
onsider di�erent tasks

extra
ted from the same random generator. Of 
ourse, the impli
ation is that, in prin
iple,

better results 
ould be obtained by additional performan
e tuning, espe
ially if one 
onsiders

only spe
i�
 problem 
lasses. For example, one 
ould 
onsider only random graphs of di�erent

densities and study the optimal parameter settings as a fun
tion of the graph density. This is

an open resear
h area for future investigations.

All tests have been exe
uted on a Pentium II personal 
omputer, with 450 MHz 
lo
k, 384

Mb RAM, Linux operating system and GNU g++ 
ompiler (with optimizaion 
ag -O2).

4.1 Lo
al sear
h plus tie-breaking

Let us now des
ribe the di�erent variations of lo
al sear
h that have been tested on the

Maximum Clique problem. The basi
 lo
al sear
h s
heme that we 
onsider is based on the

neighborhood introdu
ed in Se
 3.1. The algorithm starts from an empty 
lique. At ea
h

iteration, it 
onsider the nodes that are 
onne
ted to all nodes of the 
urrent 
lique, i.e., the set

PossibleAdd of possible additions, see also Se
. 5.1. It sele
ts a 
andidate in PossibleAdd

and adds it to the 
urrent 
lique. When a maximal 
lique is rea
hed, su
h that the set

PossibleAdd is empty, the algorithm is restarted from a 
lique 
onsisting of a single node,

by 
alling the Restart routine that will be explained in Se
. 5.2.

The two versions di�er by the manner in whi
h a winning 
andidate is sele
ted from

PossibleAdd. In the �rst option (labeled \simple") one pi
ks a random 
andidate, distributed

with uniform probability. In the se
ond option (labeled \tie-break") one pi
ks a random node

in the subset of PossibleAdd 
ontaining the nodes with the largest degree in the subgraph

G(PossibleAdd), the graph indu
ed by the set PossibleAdd.

The motivation for the se
ond option is that a larger degree implies a larger size of

PossibleAdd after the node is added to the 
urrent 
lique, and therefore a larger freedom of


hoi
e for subsequent additions.

Ea
h run is stopped when either the \best" value listed in Table 9 (in the 
olumn with

label \BR") is rea
hed or a maximum number of 1000 � n iteration is rea
hed. The \best"

value is proved to be optimal in some 
ases, it is the best heuristi
 value available for the other

graphs, see Se
. 7.1 for details. A limit on the number of iterations is needed be
ause some

runs do not rea
h the best value even if a day of CPU time is allo
ated.

A total of 100 runs with di�erent random number generator seeds is exe
uted to obtain

the average results listed in Table 1 and Table 2.

Table 1 and Table 2 show the average CPU time in se
onds to rea
h the best solution

during a single run (with standard deviation), the average number of iterations exe
uted to

rea
h the best value, the average number of iterations per se
ond, the average 
lique size

obtained in ea
h run (with standard deviation) and the best heuristi
 result found in the

DIMACS 
hallenge, see Se
. 7.1. for details.

The superiority of the \tie-break" version is evident. The \simple" lo
al sear
h method

rea
hes the best value only in one 
ase (p hat300-1) but with a mu
h larger number of

iterations (4686 versus 77). For all other graphs the \tie-break" version obtains signi�
antly

better average 
lique sizes, already 
oin
ident with the best values in six 
ases. In the remaining

three 
ases the values obtained are less than 2% less than the best values.
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Time to Best Clique Size

Name Avg (S.Dev.) Avg Iter. Iter./Se
. Avg (S.Dev.) BR

p hat300-1 1.563 (1.597) 4686.579 2938.412 8 (0) 8

p hat300-2 23.758 (18.730) 103597.184 4359.642 23.184 (0.652) 25

p hat300-3 21.138 (13.596) 116616.132 5514.462 31.447 (0.686) 36

p hat700-1 263.090 (195.378) 189996.605 722.186 10.132 (0.475) 11

p hat700-2 233.901 (166.783) 315505.447 1348.921 37.184 (1.159) 44

p hat700-3 194.174 (120.140) 328366.158 1690.783 49.895 (1.034) 62

p hat1500-1 1919.542 (1859.729) 353498.297 184.258 11.054 (0.229) 12

p hat1500-2 1661.893 (1060.736) 669910.784 403.541 49.189 (1.309) 65

p hat1500-3 1469.637 (906.762) 742078.568 505.131 66.730 (1.866) 94

Table 1: Results of \simple" repeated lo
al sear
h algorithm.

Time to Best Clique Size

Name Avg (S.Dev.) Avg Iter. Iter./Se
. Avg (S.Dev.) BR

p hat300-1 0.027 (0.017) 77.480 2857.045 8 (0) 8

p hat300-2 0.412 (0.425) 2298.940 5579.51 25 (0) 25

p hat300-3 17.435 (14.199) 114242.710 6551.584 35.780 (0.416) 36

p hat700-1 12.560 (12.349) 10943.720 835.539 11 (0) 11

p hat700-2 10.706 (5.328) 20909.580 1922.487 44 (0) 44

p hat700-3 17.503 (8.822) 41771.550 2381.675 62 (0) 62

p hat1500-1 8.323 (0.230) 1537.740 184.751 12 (0) 12

p hat1500-2 827.396 (651.565) 531504.530 643.149 64.830 (0.378) 65

p hat1500-3 626.933 (481.898) 508699.230 810.888 92.420 (0.496) 94

Table 2: Results of \tie-break" repeated lo
al sear
h algorithm.

4.2 Lo
al sear
h plus plateau sear
h

For some problems like Maximum Satis�ability one �nds that an in
reased performan
e 
an

be obtained by spending some additional iterations after one rea
hes the lo
al optimum and

before restarting, see for example [8℄ and the referen
es therein. In some 
ases the �rst lo
al

optimum rea
hed is 
lose to better 
on�gurations and , on average, more iterations are required

to rea
h 
on�gurations of 
omparable quality after restarting from a new initial point.

For Maximum Satis�ability this phase is 
alled \plateau sear
h" be
ause, when no im-

proving move is available, one a

epts moves su
h that the fun
tion to be optimized does not


hange.

For The Maximum Clique problem ea
h move 
hanges the fun
tion value by either plus

or minus one and the term \plateau sear
h" has a di�erent meaning. In detail, we 
onsider

the \tie-break" version of lo
al sear
h but do not restart immediately after rea
hing a lo
al

optimum. When this happens, an additional number of iterations are exe
uted with the same


riterion to sele
t neighbors. Of 
ourse, the di�eren
e is now that the 
hosen best neighbor is

a

epted even if the size of the 
lique de
reases. This happens if no node 
an be added to the


urrent 
lique.

Table 3 shows the results obtained for an experiment designed in the same manner as

the one with the \tie-break" repeated lo
al sear
h. In parti
ular, the same number of total
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Time to Best Clique Size

Name Avg (S.Dev.) Avg Iter. Iter./Se
. Avg (S.Dev.) BR

p hat300-1 0.018 (0.012) 99.320 5420.283 8 (0) 8

p hat300-2 0.014 (0.019) 108.970 7783.571 25 (0) 25

p hat300-3 0.253 (0.406) 3003.550 11447.723 36 (0) 36

p hat700-1 1.444 (0.970) 2421.110 1593.724 11 (0) 11

p hat700-2 0.112 (0.105) 367.360 3206.504 44 (0) 44

p hat700-3 0.276 (0.325) 1213.070 4118.682 62 (0) 62

p hat1500-1 9.002 (10.618) 3757.860 398.635 12 (0) 12

p hat1500-2 1.981 (2.011) 2306.880 1143.393 65 (0) 65

p hat1500-3 66.479 (76.563) 105135.120 1570.087 94 (0) 94

Table 3: Results of \tie-break" repeated lo
al sear
h algorithm plus plateau sear
h.

iterations is 
onsidered for ea
h run. The only di�eren
e is that, if a lo
al optimum is rea
hed

in t iterations after the last restart, an additional t iterations of lo
al sear
h are exe
uted

before the next restart.

When one 
ompares the results of Table 3 with those of Table 2 one observes a striking

performan
e jump. The best values are rea
hed in all runs. This improves the previous results

for the p hat300-3, p hat1500-2 and p hat1500-3 graphs. For the other graphs, in two


ases the total number of iterations in
reases (from 77 to 99 for p hat300-1, from 1,537 to

3,757 for p hat1500-1). In all other 
ases a dramati
 redu
tion in the number of iterations is

observed (from 2,298 to 108 for p hat300-2, from 10,943 to 2,421 for p hat700-1, from 20,909

to 367 for p hat700-2, et
.).

To summarize, for the simple tasks su
h that the plateau sear
h does not help, on average

the iterations are at most doubled (with our 
hoi
e, the plateau sear
h doubles the number

of iterations in 
omparison with the previous \tie-break" lo
al sear
h). For the more diÆ
ult

tasks, where the �rst lo
al optima found after restarting tend to be of low quality, lo
al optima

of better quality are found in a very eÆ
ient way during the plateau sear
h phases.

Our experiments 
on�rm the previous results for the Maximum Satis�ability problem. We

think that the results are very intriguing and a theoreti
al explanation of these results is an

open resear
h issue.

4.3 Lo
al sear
h plus prohibitions

In the previous se
tion we have seen that, if one 
ontinues the sear
h for a 
ertain number

of iterations after rea
hing a lo
al optimum, one obtains a dramati
 redu
tion in the total

number of iterations needed to solve 
ertain tasks.

Nonetheless, the previous te
hnique 
an still be improved by adding the prohibition me
h-

anism des
ribed in Se
. 3.1. In fa
t, what 
an happen is that the plateau sear
h phase remains


on�ned in a limited portion of the sear
h spa
e, a portion at a limited Hamming distan
e from

the 
urrent 
on�guration. This is the 
ase if the algorithm enters a 
y
le (e.g., the algorithm

keeps adding and removing the same node from a 
lique). While 
y
les are dis
ouraged by the

randomized sele
tion of a winning 
andidate, a more frequent 
ase is that the algorithm keeps

adding and removing a small set of nodes.

To see the e�e
t of the prohibition period T on the average number of iterations needed

9



to solve the ben
hmark tasks, we exe
uted a series of tests in the same 
onditions as those of

Se
. 4.2 with the only di�eren
e that the prohibition me
hanism is now a
tivated during the

sear
h. The tests are on the p hat tasks and on the C125.9 and C250.9 random graphs, see

[30℄ for details.

Prohibition p hat300-1 p hat300-2 p hat300-3

T = 0 116.1 (8.3) 127.4 (18.2) 2357.5 (373.7)

T = 1 119.5 (9.7) 58.1 (6.4) 1701.4 (193.0)

T = 2 95.0 (6.7) 61.3 (7.2) 1490.2 (220.2)

T = 4 149.9 (11.7) 69.7 (10.6) 1413.5 (152.5)

T = 8 143.4 (12.3) 55.5 (7.5) 1643.9 (223.1)

T = 16 184.4 (16.4) 203.0 (33.4) 2624.9 (263.9)

T = 32 316.9 (51.6) 18890.3 (2569.9) 92753.8 (7477.8)

Table 4: Average number of iterations to rea
h the best value for the \tie-break" repeated

lo
al sear
h algorithm plus plateau sear
h on the p hat300 tasks. Results for di�erent values

of the prohibition T .

Prohibition p hat700-1 p hat700-2 p hat700-3

T = 0 2418.1 (172.9) 334.2 (28.3) 1175.3 (122.7)

T = 1 1719.7 (142.9) 176.1 (13.7) 512.0 (54.8)

T = 2 1690.8 (154.1) 172.2 (13.5) 539.5 (60.7)

T = 4 1893.8 (164.4) 171.0 (11.1) 498.4 (55.9)

T = 8 10575.0 (1278.4) 166.7 (13.8) 457.5 (52.0)

T = 16 16230.2 (1644.5) 204.3 (19.8) 599.3 (58.9)

T = 32 20473.8 (2104.2) 2830.5 (396.3) 4752.0 (490.5)

Table 5: Average number of iterations to rea
h the best value for the \tie-break" repeated

lo
al sear
h algorithm plus plateau sear
h on the p hat700 tasks. Results for di�erent values

of the prohibition T .

The average number of iterations needed to rea
h the best value (that is rea
hed in all

100 runs) is listed in Table 4, Table 5, and Table 6 for the di�erent values 
onsidered for the

prohibition (T = 0; 1; 2; 4; 8; 16; 32). The random seed used is the same for runs di�ering only

in the value of the prohibition. Of 
ourse, it 
hanges after all prohibitions have been tested

and a new series of runs is initiated.

In general, an appropriate value of the prohibition signi�
antly redu
es the number of

iterations for most tasks. For example, for the p hat1500-3 task, the iterations are redu
ed

from 96,700 (T = 0) to 14,111 (T = 16).

Qualitatively similar results have been found in experiments on di�erent graphs of the

DIMACS ben
hmark suite. As an example, Table 7 shows the results for two random graphs.

Let us note that the optimal value of the prohibition depends on the task. For example,

among the 
onsidered values, the optimal value is T = 0 (no prohibition) for p hat1500-1,

T = 16 for p hat1500-2 and p hat1500-3.

Furthermore, the most appropriate value does not depend only on the task but also on the

lo
al properties of the parti
ular region that the sear
h is visiting.
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Prohibition p hat1500-1 p hat1500-2 p hat1500-3

T = 0 3488.1 (456.7) 2513.9 (355.4) 96700.0 (10607.1)

T = 1 5820.8 (1318.5) 948.3 (105.4) 30857.1 (4087.3)

T = 2 11646.4 (2396.1) 867.5 (81.9) 31385.5 (4220.7)

T = 4 12940.6 (2600.5) 823.5 (90.6) 26756.6 (3288.2)

T = 8 28588.6 (3447.0) 658.6 (70.0) 21755.0 (2191.9)

T = 16 23189.7 (2843.6) 635.2 (58.5) 14111.6 (1731.6)

T = 32 35686.4 (3680.6) 3031.5 (334.2) 28998.5 (3607.0)

Table 6: Average number of iterations to rea
h the best value for the \tie-break" repeated

lo
al sear
h algorithm plus plateau sear
h on the p hat1500 tasks. Results for di�erent values

of the prohibition T .

Prohibition C125.9 C250.9

T = 0 451.73 (50.40) 6099.73 (499.03)

T = 1 243.44 (27.93) 2794.43 (293.65)

T = 2 245.36 (28.28) 2789.46 (267.21)

T = 4 177.22 (21.56) 2912.66 (257.43)

T = 8 135.32 (18.00) 2525.08 (272.66)

T = 16 133.20 (17.03) 4538.52 (539.52)

T = 32 1861.18 (124.49) 21523.32 (1768.97)

Table 7: Average number of iterations to rea
h the best value for the \tie-break" repeated lo
al

sear
h algorithm plus plateau sear
h on the C125.9 and C250.9 tasks. Results for di�erent

values of the prohibition T .

The task and lo
al dependen
ies motivate the adoption of simple me
hanisms to adapt the

prohibition value while the sear
h runs. Additional experiments on the e�e
t of the prohibition

have been exe
uted for di�erent problems, see for example [6, 8, 9℄.
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5 Rea
tive Lo
al Sear
h for Max Clique: top-level view

Rea
tive-Lo
al-Sear
h

1

2

3

4

5

6

7

8

9

10

11

12

� Initialization.

t 0 ; T  1 ; t

T

 0 ; t

R

 0 ;

CurrentClique ; ; BestClique ; ; MaxSize 0 ; t

b

 0

repeat

2

6

6

6

6

6

6

6

6

6

6

4

T  Memory-Rea
tion(CurrentClique; T )

CurrentClique Best-Neighbor (CurrentClique)

t (t+ 1)

if f(CurrentClique) >MaxSize

then BestClique CurrentClique ; MaxSize jCurrentCliquej ; t

b

 t

if (t�maxft

b

; t

R

g) > A

then t

R

 t ; Restart

until MaxSize is a

eptable or maximum no. of iterations rea
hed

Figure 1: RLS Algorithm: Pseudo-Code Des
ription.

The top-level des
ription of the RLS algorithm is shown in Fig. 1. The des
ription uses

a pseudo
ode (lines beginning with \�" are 
omments, \ " is the assignment, fun
tions

return values to the 
alling routines, �elds of a 
ompound obje
t are a

essed using obj:field,

et
.). Des
riptive long variable names are used.

First the relevant variables are initialized: they are the iteration 
ounter t, the prohibition

period T , the time t

T

of the last 
hange of T , the last restart time t

R

, the 
urrent 
lique

CurrentClique, the largest 
lique BestClique found so far with its size MaxSize, and

the iteration t

b

at whi
h it is found. Then the loop (lines 5-11) 
ontinues to be exe
uted until

a satisfa
tory solution is found or a limiting number of iterations is rea
hed.

In the loop, Memory-Rea
tion sear
hes for the 
urrent 
lique in memory, inserts it into

the hashing memory if it is a new one, and adjusts the prohibition T through feedba
k from

the previous history of the sear
h.

Then the best neighbor is sele
ted and the 
urrent 
lique updated (line 6). The iteration


ounter is in
remented. If a better solution is found, the new solution, its size and the time of

the last improvement are saved (lines 8-9). A restart is a
tivated after a suitable number A of

iterations are exe
uted from the last improvement and from the last restart (lines 10-11). In

our tests A is set to 100 �MaxSize, as explained in Se
 5.2.

The prohibition period T is equal to one at the beginning, be
ause in this manner one avoids


oming ba
k to the just abandoned 
lique. Nonetheless, let us note that RLS behaves exa
tly

as lo
al sear
h in the �rst phase, as long as only new verti
es are added to CurrentClique

(and therefore prohibitions do not have any e�e
t). The di�eren
e starts when a maximal


lique with respe
t to set in
lusion is rea
hed and the �rst vertex is dropped.

The di�eren
es with respe
t to multiple runs of lo
al sear
h (
hoi
e of best neighbor,

restart when no improving move is available) are that the 
hoi
e of the best neighbor takes

the prohibition rule of Def. 3.1 into a

ount and that the restart is exe
uted after a suitably

long sear
h period and not after the �rst lo
al optimum is en
ountered (Se
 5.2). In addition,

RLS is 
hara
terized by the way it uses randomization.
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5.1 Choi
e of the best neighbor

Best-Neighbor (CurrentClique)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

�v is the moved vertex; type is AddMove;DropMove or NotFound

type NotFound

if jSj > 0 then

2

6

6

6

6

6

6

6

6

4

�try to add an allowed vertex �rst

AllowedFound (f allowed v 2 PossibleAddg 6= ;)

if AllowedFound then

2

6

4

type AddMove

MaxDeg max

allowed j2PossibleAdd

fdeg

G(PossibleAdd)

(j)g

v  random allowed w 2 PossibleAdd with deg

G(PossibleAdd)

(w) =MaxDeg

if type = NotFound then

2

6

6

6

6

6

6

6

6

6

6

4

�adding an allowed vertex was impossible: drop

type DropMove

if (f allowed v 2 CurrentCliqueg 6= ;) then

"

MaxDeltaPA max

allowed j2CurrentClique

DeltaPA[j℄

v  random allowed w 2 CurrentClique with DeltaPA[w℄ =MaxDeltaPA

else

v  random w 2 CurrentClique

In
remental-Update(v; type)

if type = AddMove then return CurrentClique [ fvg

else return CurrentClique n fvg

Figure 2: RLS Algorithm: the fun
tion Best-Neighbor .

Let us de�ne the set PossibleAdd

(t)

as follows:

De�nition 5.1 Let CurrentClique

(t)

be the 
urrent 
lique at iteration t. PossibleAdd

(t)

is the vertex set of possible additions, i.e., the verti
es that are 
onne
ted to all CurrentClique

(t)

nodes:

PossibleAdd

(t)

= fv : v 2 (V nCurrentClique

(t)

); (v; j) 2 E; 8 j 2 CurrentClique

(t)

g

Fig. 2 shows the sele
tion algorithm (let us note that the t in iteration-dependent items like

PossibleAdd

(t)

is dropped in the 
orresponding variable, like PossibleAdd). The 
hoi
e of

the best neighbor is in
uen
ed by the prohibition rule of Def. 3.1. The sele
tion is exe
uted

in stages with this overall s
heme: �rst an allowed vertex that 
an be added to the 
urrent


lique is sought (lines 3{9).

If no allowed addition is found, an allowed vertex to drop is sear
hed for (lines 13{15).

Finally, if no allowed moves are available, a random vertex is pi
ked with uniform probability

on CurrentClique

(t)

and it is dropped (line 17). Let us note that CurrentClique 6= ; at

line 17 (if CurrentClique = ;, then PossibleAdd = V , jPossibleAddj > 0 and at least

an allowed vertex is guaranteed at line 5 by the enfor
ed bound T � (n� 2)).

Ties among allowed verti
es that 
an be added are broken by preferring the ones with the

largest degree in the subgraph G(PossibleAdd

(t)

) indu
ed by the set PossibleAdd

(t)

. A

random sele
tion is exe
uted among verti
es with equal degree (lines 8{9).
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Ties among allowed verti
es that 
an be dropped are broken by preferring those 
ausing

the largest in
rease (jPossibleAdd

(t+1)

j � jPossibleAdd

(t)

j). A random sele
tion is then

exe
uted if this 
riterion sele
ts more that one winner (lines 14{15).

The above dropping 
hoi
e is realized by introdu
ing the set OneMissing and the quan-

tities DeltaPA[v℄.

De�nition 5.2 Let CurrentClique

(t)

be the 
urrent 
lique at iteration t. OneMissing

(t)

is the set of ordered pairs (v; x) su
h that vertex v has exa
tly one edge missing to the nodes

of CurrentClique

(t)

, the edge (v; x):

OneMissing

(t)

= f(v; x) : v 2 V; x 2 CurrentClique

(t)

; (v; x) 62 E; (v; x

0

) 2 E 8x

0

2

CurrentClique

(t)

; x

0

6= xg

A vertex v is su
h that (v; x) is in OneMissing

(t)

if and only if the number of edges in G(V )

in
ident to v and to CurrentClique

(t)

nodes is (jCurrentClique

(t)

j � 1).

Be
ause the vertex x that is not 
onne
ted to v 2 OneMissing

(t)

is unique,OneMissing

(t)


an

be proje
ted to V by 
onsidering the �rst element of the pair. The same term OneMissing

(t)

will be used for the proje
tion (the meaning will be 
lear from the 
ontext).

De�nition 5.3 If a vertex v 2 CurrentClique

(t)

is dropped in passing from CurrentClique

(t)

to CurrentClique

(t+1)

, PossibleAdd

(t+1)

re
eives all nodes that were la
king the edge to v

but had all other edges to member of CurrentClique

(t)

. For ea
h v 2 CurrentClique

(t)

,

let us de�ne:

DeltaPA[v℄ = jfw : w 2 (V nPossibleAdd

(t)

); (w; v) 62 E; (w; v

0

) 2 E 8 v

0

2 CurrentClique

(t)

; v

0

6=

vgj

Clearly, ifCurrentClique

(t+1)

= CurrentClique

(t)

nfvg, DeltaPA[v℄ = jPossibleAdd

(t+1)

j�

jPossibleAdd

(t)

j.

The prohibition status of a vertex is immediately determined if the fun
tion LastMoved[v℄

is realized with an array. The data stru
tures and operations 
on
erning the just introdu
ed

sets are dis
ussed in Se
. 6.2 (routine In
remental-Update ).

The relationship between the above introdu
ed subsets of V is illustrated in Fig. 3 for

an example graph. Only the relevant 
onne
tions are shown. Note that all verti
es of

CurrentClique are present in OneMissing (or, better, in its proje
tion), in fa
t ea
h

vertex x 2 CurrentClique is not 
onne
ted to itself.

5.2 Rea
tion and periodi
 restart

The memory about the past history of the sear
h is used in two ways in the RLS algorithm:

to adapt the prohibition parameter T (and therefore the amount of diversi�
ation) and to

in
uen
e the restarts.

The prohibition T is minimal at the beginning (T = 1), and is then determined by two 
om-

peting requirements. T has to be suÆ
iently large to avoid short 
y
les and the related waste

of pro
essing time during the sear
h, it therefore in
reases when the same 
lique is repeated

after a short interval along the traje
tory, a symptom that diversi�
ation is required. On the

other hand, large T values redu
e the sear
h freedom (in parti
ular one has the requirement

T � (n� 2), see [11℄): therefore, T is redu
ed as soon as frequent repetitions disappear.
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V

OneMissing

PossibleAdd

CurrentClique

Figure 3: Subsets of V 
orresponding to CurrentClique

(t)

, PossibleAdd

(t)

, and

OneMissing

(t)

.

TheMemory-Rea
tion algorithm is illustrated in Fig. 4. The 
urrent 
lique is sear
hed in

memory. If CurrentClique is found, a referen
e Z is returned to a data stru
ture 
ontaining

the last visit time (line 2). If the repetition interval R is suÆ
iently short (only short 
y
les


an be avoided through the prohibition me
hanism [11℄), 
y
les are dis
ouraged by in
reasing

T (lines 7{9).

If CurrentClique is not found, it is stored in memory with the time t when it was

en
ountered (line 12). If T remained 
onstant for a number of iterations greater than B,

it is de
reased (lines 14{15). It is appropriate that B s
ales with the maximum number of

elements in a 
liqueMaxSize, so that all 
lique members have many 
han
es to be substituted

as members of the 
urrent 
lique before a possible redu
tion of T is exe
uted (the size of

the 
urrent 
lique is 
lose to MaxSize during the sear
h). The value used in our tests is

B = 10 �MaxSize. In
reases and de
reases (with a minimal 
hange of one unit, plus upper

and lower bounds) are realized by the two following fun
tions:

In
rease(T ) = minfmaxfT � 1:1; T + 1g; n� 2g

De
rease(T ) = maxfminfT � 0:9; T � 1g; 1g

Periodi
 restarts are needed to assure that the sear
h is not 
on�ned in a limited portion

of the sear
h spa
e (e.g., this is the 
ase if the graph is 
omposed of more than one 
onne
ted


omponent). Restarts are a
tivated every A = 10 �B = 100 MaxSize iterations, a period that

permits a non-trivial dynami
s of T with more possible in
reases and de
reases (i.e., many B

periods).

The routine Restart is adapted from [35℄. First the prohibition parameter T is reset

and the hashing memory stru
ture is 
leared (lines 1{2). If there are verti
es that have
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Memory-Rea
tion (CurrentClique, T)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

�sear
h for 
lique CurrentClique in the memory, get a referen
e Z

Z  Hash-Sear
h(CurrentClique)

if Z 6= Null then

2

6

6

6

6

6

6

6

6

4

��nd the 
y
le length, update last visit time:

R t� Z:LastVisit

Z:LastVisit t

if R < 2 (n� 1) then

"

t

T

 t

return In
rease(T )

else

"

�if the 
lique is not found, install it:

Hash-Insert(CurrentClique; t)

if (t� t

T

) > B then

"

t

T

 t

return De
rease(T )

return T

Figure 4: RLS Algorithm: routine Memory-Rea
tion .

never been part of the 
urrent 
lique during the sear
h (i.e., that have never been moved

sin
e the beginning of the run), one of them with maximal degree in V is randomly sele
ted

(lines 4{7). If all verti
es have already been members of CurrentClique in the past, a

random vertex in V is sele
ted (line 9). Data stru
tures are updated to re
e
t the situation of

CurrentClique = ;, see lines 10{14 (Missing andMissingList are introdu
ed in Se
. 6.2),

then the sele
ted vertex is added and the in
remental update applied (lines 15{16).

6 Data stru
tures and 
omplexity analysis

The 
omputational 
omplexity of ea
h iteration of RLS is the sum of a term 
aused by the

usage and updating of rea
tion-related stru
tures, and a term 
aused by the lo
al sear
h part

(evaluation of the neighborhood and generation of the next 
lique).

Let us �rst 
onsider the rea
tion-related part. The overhead per iteration in
urred to

determine the prohibitions is O(jN(CurrentClique)j), that for updating the last usage

time of the 
hosen move is O(1), that to 
he
k for repetitions, and to update and store

the new hashing value of the 
urrent 
lique has an average 
omplexity of O(1), if a suitable

hashing fun
tion is applied (like a sum of 
ontributions of the di�erent bits, where the single


ontribution of the updated bit has to be added or subtra
ted at every iteration). If the entire


lique is stored with the radix tree method [15℄ the worst 
ase 
omplexity is of O(n).

In the maximum 
lique problem the 
omplexity is dominated by the neighborhood evalua-

tion. It is therefore 
ru
ial to 
onsider in
remental algorithms, in an e�ort to redu
e the 
om-

plexity below that required by a naive 
al
ulation \from s
rat
h" of jN(CurrentClique)j dif-

ferent fun
tion values. As an example, an in
remental evaluation is used to updatePossibleAdd

during su

essive add moves in [20℄, while PossibleAdd is re
omputed from s
rat
h after a

drop move, with a worst-
ase 
omplexity of O(n

2

). Now, after a transient phase of su

essive
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Restart

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

T  1 ; t

T

 t

� Clear the hashing memory

� sear
h for the \seed" vertex v

SomeAbsent true i� 9v 2 V with LastMoved[v℄ = �1

if SomeAbsent then

"

L fw 2 V : LastMoved[w℄ = �1g

v  random vertex with maximum deg

G(V )

(v) in L

else

v  random vertex 2 V

PossibleAdd V

OneMissing ;

forall v 2 V

"

MissingList[v℄ ; ; Missing[v℄ 0

DeltaPA[v℄ 0

CurrentClique fvg

In
remental-Update(v;AddMove)

Figure 5: RLS Algorithm: routine Restart .

add moves if CurrentClique is initially empty, add and drop moves are intermixed (long


hains of add moves are rare) with approximately the same frequen
y.

This paper extends the in
remental evaluation so that it is applied both after adding and

after dropping a vertex. To this end, some auxiliary data stru
tures are used. In parti
u-

lar, both the 
urrent 
lique CurrentClique, the set PossibleAdd and OneMissing are

represented with an indi
ator set, see Se
. 6.1, DeltaPA[v℄ with a n-dimensional array.

6.1 Indi
ator set

To realize some of the needed data stru
tures with the best worst-
ase 
omputational 
om-

plexity, let us introdu
e a set stru
ture that 
ontains integers from 1 to n with no dupli
ations,

and, in some 
ases, an additional positive integer for ea
h 
ontained element. The relevant

operations to be exe
uted are:

� The insertion of element i with related information info: Insert(i; info).

If the information is not needed: Insert(i).

� The removal of a single element i: Del(i), returning info.

� The 
he
k for the presen
e of the i-th element: Test(i), returning true or false.

� \A
tion loops" where all 
ontained elements are examined. Some elements 
an be deleted

during the examination and the listing does not have to be in order.

The indi
ator set data stru
ture is illustrated in Fig. 6. The stru
ture 
onsists of an n-

dimensional array of re
ords. The i-th re
ord 
ontains two indi
es (prev and next) used to

realize a double-linked list of the 
ontained elements (with a NULL index to signal the two

ends of the list), and an additional variable (info) used as an indi
ator of the presen
e/absen
e
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of the i-th item, and possibly to 
ontain additional information. The meaning is that info=

-1 if and only if the item is not present, while all other values are used to store information

asso
iated to 
ontained items. An additional variable �rst 
ontains the index of the �rst item

in the double-linked list (NULL if list is empty). Note that the obtained linked list is not

sorted. Clearly, pointers 
an be used instead of indi
es for prev and next. In addition, the

total number of 
ontained elements is re
orded in length.

prev info nextprev info next prev info next prev info nextfirst

NULL

1 2 3 4

1 12 4 2-1 -1 NULL

Figure 6: Indi
ator set stru
ture (above) and example with n=4 and length=2 (below).

With the above data stru
ture, Insert , Del, and Test are O(1), listing all elements

requires O(length) time. In fa
t, insertion requires an update of the info variable, then the

item is inserted at the beginning of the double-linked list by modifying the appropriate prev,

next and �rst indi
es. Deletion has a similar realization, the previous and next element are

linked together, after setting info  �1. Finally, all elements are listed in O(length) time by

starting from the �rst index and following the next pointer. Spe
ial 
ases (�rst or last element,

empty list) are straightforward to take 
are of.

Indi
ator sets are used as a data stru
ture for OneMissing (see Def. 5.2). The items to

be stored are ordered pairs of integers from 1 to n (a pair is present at most on
e). Now, for

ea
h v there is at most one x su
h that (v; x) 2 OneMissing, and therefore the asso
iated x


an be stored in the above des
ribed info variable of the indi
ator set. Removal of vertex v

from OneMissing requires de
rementing DeltaPA[x℄. After removing vertex v, the x value

returned by OneMissing:Del(v) is used to know whi
h DeltaPA[x℄ is to be de
remented.

The data stru
tures are illustrated in Fig. 7. The �gure shows an example forOneMissing


ontaining the pairs (2; 2), (3; 2), and (4; 2).

6.2 The In
remental-Update algorithm

The data stru
tures des
ribed in Se
. 6 are adopted to realize the sets CurrentClique,

PossibleAdd, and OneMissing. An n-dimensional array Missing is used to re
ord the

number of missing 
onne
tion to set CurrentClique for ea
h vertex,

Missing[v℄ = jfi : i 2 CurrentClique; (i; v) 62 Egj

and an indi
ator setMissingList[v℄ for ea
h vertex is used to 
ontain the list of la
king edges

to members of CurrentClique (\missing 
onne
tions"). Let us note that Missing[v℄ 
an

be stored as the length of the MissingList[v℄ indi
ator set, the notation has been 
hosen for


larity.
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0
3
0
0

NULL

1 2 3 4

2 4

1
2
3
4

-1 324

’next’ arrows

‘prev’ arrows

2 2 2

DeltaS

NULL

Figure 7: Data stru
ture for OneMissing, and array DeltaPA, an example with n=4 and

three verti
es (2,3,4) not 
onne
ted to vertex 2 in CurrentClique.

When an element is added to or dropped from CurrentClique, the data stru
tures

PossibleAdd, OneMissing, Missing and MissingList are updated through the algorithm

of Fig. 8.

Let us prove the 
orre
tness of the algorithm. First, let us note that the verti
es 
onne
ted

to the just moved vertex v (de�ning N

G

(v)) do not 
hange their membership status with

respe
t to PossibleAdd. Clearly, this property is not satis�ed by v be
ause (v; v) 62 E.

The membership of w 2 PossibleAdd does not 
hange after add moves: if w was la
king

at least one edge, trivially w will 
ontinue to la
k the same edge, vi
e versa, if w had all edges

to the old CurrentClique, w will have all edges after the move. Similarly, PossibleAdd

membership does not 
hange after drop moves: if w was in PossibleAdd it will remain

there (trivial), if w was not in PossibleAdd, then some other edge beyond (w; v) must be

missing to CurrentClique members (in fa
t (w; v) 2 E for the above assumption that w is


onne
ted to v). At least the same edge must be missing after the move.

An analogous argument 
an be repeated for OneMissing membership, while the fa
t that

MissingList[w℄ and Missing[w℄ are not 
hanged if (v; w) 2 E is 
lear.

Therefore, all membership 
hanges 
an possibly o

ur only for verti
es not 
onne
ted to the

just moved one (i.e., for j 2 N

G

(v), the neighboring verti
es of v in the 
omplement graph).

Let us 
onsider the 
ase when vertex v is added to CurrentClique (lines 4{11). For

all non-
onne
ted j, v is added to the list of missing 
onne
tions and the number of missing


onne
tions to CurrentClique in
reases (line 6). If the number of missing 
onne
tions from

j to CurrentClique is one, j was in PossibleAdd before the addition and now enters

OneMissing (lines 8{9). It 
ould be added to CurrentClique if v is dropped, therefore

DeltaPA[v℄ in
reases. If the number of missing 
onne
tions from j to CurrentClique

is two, j was in OneMissing and has now to be deleted from it (lines 10{11), the value

DeltaPA[x℄ is de
reased for the single vertex x to whi
h j was not 
onne
ted.

The 
ase when a vertex is dropped is easily proved with analogous arguments. In parti
-

ular, if Missing[j℄ is zero, j transfers from OneMissing to PossibleAdd (lines 15{17), if

Missing[j℄ is one, the vertex in CurrentClique 
orresponding to the single missing edge is

extra
ted from MissingList[j℄ and j enters OneMissing (lines 19{20).

If the lists of missing 
onne
tions for ea
h vertex are not available in the stru
ture de�ning
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In
remental-Update (v; type)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

�Comment: v is is the vertex a
ted upon by the last move

� type is a 
ag to di�erentiate between AddMove and DropMove

LastMoved[v℄ t

if type=AddMove then

2

6

6

6

6

6

6

6

6

6

6

4

forall j 2 N

G

(v)

2

6

6

6

6

6

6

6

6

4

MissingList[j℄:Insert(v) ; Missing[j℄ Missing[j℄ + 1

if Missing[j℄ = 1 then

"

PossibleAdd:Del(j)

OneMissing:Insert(j; v) ; DeltaPA[v℄ DeltaPA[v℄ + 1

else if Missing[j℄ = 2 then

x OneMissing:Del(j) ; DeltaPA[x℄ DeltaPA[x℄� 1

else

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

forall j 2 N

G

(v)

2

6

6

6

6

6

6

6

6

6

6

4

MissingList[j℄:Del(v) ; Missing[j℄ Missing[j℄� 1

if Missing[j℄ = 0 then

"

x OneMissing:Del(j) ; DeltaPA[x℄ DeltaPA[x℄� 1

PossibleAdd:Insert(j)

else if Missing[j℄ = 1 then

"

x the only vertex 
ontained in MissingList[j℄

OneMissing:Insert(j; x) ; DeltaPA[x℄ DeltaPA[x℄ + 1

Figure 8: In
remental-Update routine.

the task graph, they 
an be 
al
ulated in the prepro
essing phase and stored for future use,

for example in an adja
en
y ve
tors representation of G. If this prepro
essing is exe
uted the

following theorem is derived:

Theorem 6.1 The in
remental algorithm for updating CurrentClique, PossibleAdd and

OneMissing during ea
h iteration of RLS has a worst 
ase 
omplexity of O(n). In parti
ular,

if vertex v is added to or deleted from PossibleAdd, the required operations are O(deg

G

(v)).

Let us note that the a
tual number of operations exe
uted when vertex v is moved is a small


onstant times deg

G

(v) and therefore the algorithm tends to be faster when the average degree

in the 
omplement graph G be
omes smaller (e.g., for dense graphs with deg

G

(v) << n).

6.3 Update of G(PossibleAdd) degrees

The In
remental-Update algorithm is used to assure that the sets PossibleAdd and

OneMissing re
e
t the 
urrent 
on�guration along the sear
h traje
tory. In addition, the

parti
ular tie-breaking rule adopted in Best-Neighbor is based on the degrees in the indu
ed

subgraph G(PossibleAdd) (see Fig. 2, lines 8{9). Their 
omputation 
osts at most O(m), m

being the number of edges, by the following trivial algorithm. All the edges are inspe
ted, if

both end-points are in PossibleAdd, the 
orresponding degrees are in
remented by 1.

Putting together all the 
omplexity 
onsiderations the following 
orollary is immediately

implied:
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Corollary 6.1 The worst-
ase 
omplexity of a single iteration is O(maxfn;mg).

In pra
ti
e the above worst-
ase 
omputational 
omplexity is pessimisti
. The degree is

not 
omputed from s
rat
h but it is updated in
rementally with a mu
h lesser 
omputational

e�ort: in fa
t the maximum number of nodes that enter or leave PossibleAdd

(t)

at a given

iteration is at most deg

G

(v), v being the just moved vertex. Therefore the number of operations

performed is at most O(deg

G

(v)�jPossibleAdd

(t+1)

j). In a
tual runs, be
ause the sear
h aims

at maximizing the 
lique CurrentClique

(t)

, the set PossibleAdd

(t)

tends to be very small

(at some steps empty) after a �rst transient period, and the dominant fa
tor in the number of

performed operations is the same O(deg

G

(v)) fa
tor that appears in the Theorem 6.1 (Se
. 6.2).

6.4 Memory usage

Memory is used by the RLS algorithm to store information about the visited 
on�gurations

(see the use of hashing in routine Memory-Rea
tion ) and to realize the remaining data

stru
tures. In the assumption that t

max

iterations are exe
uted, that O(t

max

) hash-table slots

are available and that a �xed-size item for ea
h new 
on�guration is stored in a linked list


orresponding to a given slot (
ollisions are resolved by 
haining), the following theorem about

the memory usage of the RLS algorithm holds:

Theorem 6.2 The memory required by the RLS algorithm is O(n

2

+ t

max

).

The proof is immediate after noting that ea
h indi
ator set 
an be realized with O(n)

memory and that O(n) of them are needed to realize the MissingList sets used in the

In
remental-Update algorithm. All other data stru
tures (apart from the hashing mem-

ory) do not require more that O(n

2

) memory spa
e.

Let us note that 
(n

2

) is a lower bound for the memory usage if the adja
en
y matrix

A

G

= (a

ij

)

n�n

of G is stored (its de�nition is: a

ij

= 1 if (i; j) 2 E is an edge of G, and a

ij

= 0

if (i; j) =2 E).

The linear growth of the memory required as a fun
tion of t

max


an be avoided with an im-

plementation su
h that the hashing values of the older 
on�gurations stored, the 
on�guration

older than 2(n� 1), are removed and the spa
e is re-used for the more re
ent 
on�gurations.

7 Experimental results

The RLS algorithm has been implemented in an obje
t-oriented high-level language (C++)

and tested on a series of ben
hmark tasks. In order to run the larger tasks on our ma
hine

(graphs with up to 4 000 verti
es and 5 506 380 edges) the use of MissingList is avoided and

line 19 in Fig. 8 is substituted with a loop over all CurrentClique members, that is broken

as soon as the missing edge to j is found. If the RAM memory is suÆ
ient, the version in

Fig. 8 should be preferred be
ause of its better worst-
ase 
omplexity (Theorem 6.1). Clearly,

the memory usage 
an de
rease if the individual bits of integer variables are used to store

set-related information, while the 
omputation speed 
an in
rease through the use of low-level

languages. We did not pursue these issues be
ause the results obtained by the obje
t-oriented

C++ version are fully satisfa
tory.

It is quite essential that heuristi
s are tested on problems arising in di�erent areas and

that the obtained results are 
ompared with those obtained by 
ompetitive s
hemes on the
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same task suite. In parti
ular, we present the results obtained on the ben
hmark de�ned as

part of the international 
hallenge organized by DIMACS [30℄.

7.1 DIMACS 
hallenge

An international Implementation Challenge organized by the Center for Dis
rete Mathemati
s

and Theoreti
al Computer S
ien
e (DIMACS) took pla
e in 1993. The purpose was to �nd ef-

fe
tive optimization and approximation algorithms forMaximum Clique,Graph Coloring,

and Satis�ability. The results obtained by the parti
ipants were presented at a DIMACS

workshop in Fall of 1993, with pro
eedings published by the AMS [30℄.

A small number of instan
es were sele
ted to provide a \snapshot" of the algorithm's

e�e
tiveness. Some ben
hmark graphs stress { or test the limits of { the various algorithms, and


onstitute an important base point to evaluate new heuristi
s in this area. The sele
ted max-


lique instan
es are available from the DIMACS ar
hive by using ftp to dima
s.rutgers.edu

(dire
tory pub/
hallenge) or at the ULR http://dima
s.rutgers.edu/Challenges/. Most

of the graphs are generated in [33℄. Di�erent generators 
an be found in [24℄. An exa
t

algorithm that motivated in part the DIMACS implementation 
hallenge is des
ribed in [14℄.

A more re
ent bran
h-and-bound algorithm with state of the art results in the area of exa
t

algorithms is presented in [37℄. Of 
ourse, exa
t algorithms 
an be applied only to graphs

of limited size. The 37 tasks in
lude the following graphs (see [30℄ for additional details and

referen
es).

� Random Graphs. Cx.y and DSJCx.y, of size x and density 0.y.

� Steiner Triple Graphs. MANNx

� Bro
kington Graphs. bro
kx 2 and bro
kx 4 of size x.

� San
his graphs. genx p0.9 z and genx p0.9 z. of size x.

� Hamming graphs. hamming8-4 and hamming10-4. with 256 and 1024 nodes, respe
tively.

� Keller Graphs. keller4, keller5, keller6.

� P{hat Graphs. p hatx-z, of size x.

Standard timing routines for MC have been provided [30℄, the user times in se
onds ob-

tained by our workstation are listed in Table 8.

r100.5 r200.5 r300.5 r400.5 r500.5

0.02 0.38 3.06 13.04 57.42

Table 8: User times for DIMACS ma
hine ben
hmarks instan
es (Pentium II, 450 MHz 
lo
k,

384 Mb RAM, 
ompiler: g++ -O2)

In order to assess the statisti
al variation, 100 runs were performed for ea
h task, with

di�erent sequen
es of pseudo-random numbers (used to break ties and during restarts). The

number of iterations exe
uted on ea
h instan
e was �xed to 20; 000 � n. The experiments
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on the instan
es with known optimal 
lique sizes demonstrate that most instan
es are solved


orre
tly within the given limit.

The 
omputational results are shown in Table 9. The CPU times in
lude those for initial-

izing the problems, while the number of iterations per se
ond are 
al
ulated by subtra
ting

the initialization times. Let BR denote the best result obtained by all DIMACS workshop

parti
ipants. Most runs rea
h the \BR" value after a small fra
tion of the allotted time. In

addition, the variation in the 
lique size obtained is zero for most instan
es. It is of interest

to 
ompare the performan
e of RLS with those obtained by the following �fteen heuristi


algorithms presented at the DIMACS workshop [30℄:

� 1) AtA (Grossman) [22℄

� 2) SA plus greedy (Homer and Peinado) [27℄

� 3) VHP (Gibbons, Hearn, Pardalos) [18℄

� 4) SM1 (Bro
kington and Culberson) [13℄

� 5) CLIQUEMERGE (Balas and Niehaus) [2℄

� 6) ST (Soriano and Gendreau) [35℄

� 7) DT (Soriano and Gendreau) [35℄

� 8) PT (Soriano and Gendreau) [35℄

� 9) GSD(;) (Jagota, San
his, Ganesan) [28℄

� 10) SSD(;) (Jagota, San
his, Ganesan) [28℄

� 11) SSD

RL

(;) (Jagota, San
his, Ganesan) [28℄

� 12) RB-
lique (Goldberg and Rivenburgh) [21℄

� 13) tabu sear
h and geneti
 hybrids (Fleurent and Ferland) [16℄

� 14) A (Bar-Yehuda, Dabholkar, Govindarajan, Sivakumar) [4℄

� 15) C (Bar-Yehuda, Dabholkar, Govindarajan, Sivakumar) [4℄

Given the size and diÆ
ulty of some tasks, only 20 values in Table 8 
orrespond to proved

global optima (obtained with exa
t algorithms). The other values listed in the \BR" 
olumn

are the best results obtained by the above heuristi
s. RLS rea
hes the BR value or a better

one in 36 out of 37 
ases. In two instan
es 
orresponding to large graphs RLS �nds new

values (for C1000.9 better by one, for C2000.9 better by three verti
es). In the 
ase where

the 
urrent best value is not obtained, the di�eren
e is of one vertex (DSJC500.5).

As a 
omparison, the best four 
ompetitors (no. 2, 5, 12, 13 in the above list) obtained

the best value in 23 � 27 instan
es (21 � 25 after 
onsidering the two new values found by

RLS ). After taking into a

ount the di�erent 
omputer speed, the s
aled CPU times needed

by three of them are larger than RLS times by at least a fa
tor of ten. Algorithm no. 2 is

slightly faster but found only 24 best values (22 if the new values are 
onsidered), by exe
uting

hundreds of runs for most tasks.
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8 Variants of RLS

Di�erent algorithmi
 
hoi
es were investigated while developing the above presented RLS

s
heme. The variants presented in this se
tion present less dramati
 performan
e 
hanges than

those presented in Se
. 4. Both the 
omputational 
omplexity and the a
tual results obtained

on the DIMACS ben
hmark were 
onsidered before de�ning the presented algorithm.

In parti
ular, the algorithm obtained if the degrees in the original graph are used instead

of the G(PossibleAdd) degrees in the Best-Neighbor routine is dis
ussed in Se
. 8.1. The

relaxation of prohibitions for sele
ted \promising" moves (aspiration 
riterion) is 
onsidered

in Se
. 8.2.

8.1 RLS without using G(PossibleAdd) degrees

The values of the vertex degrees in the indu
ed subgraph G(PossibleAdd) are needed in

the Best-Neighbor routine to break ties when more allowed verti
es 
an be added to the


urrent 
lique (Fig. 2 lines 8{9). The question whether those degrees are really needed in the

heuristi
 is worth 
onsidering. In fa
t, a modi�ed algorithm that does not make use of the

updated degrees in G(PossibleAdd) would have a better worst-
ase 
omplexity per iteration

of O(n) be
ause the O(m) term 
aused by the updating illustrated in Se
. 6.3 would not be

present.

To investigate the option, a variant has been 
onsidered in whi
h the degrees in the 
omplete

graph G = (V;E) are used instead of the degrees in the indu
ed subgraph G(PossibleAdd).

In detail, the term deg

G(PossibleAdd)

in Fig. 2 (lines 8{9) was repla
ed with deg

G(V )

, whose

values are 
al
ulated in the initialization part of the RLS algorithm.

For brevity, the 
omputational results are not listed in this paper (they are available in

the preprint [7℄). As expe
ted, the number of iterations per se
ond always in
reases with

respe
t to those obtained in Table 9. For some problems the iterations are up to two{three

times faster. Unfortunately the best 
lique sizes obtained are in four 
ases inferior (see the

graphs MANN a27, MANN a45, MANN a81, and keller6) and the average time-to-best in the

other 
ases (
onsidering also the initialization phase) is not signi�
antly better, and therefore

the option was reje
ted. Nonetheless, the fa
t that 
omparable results were obtained in most

tasks, implies that the use of G(PossibleAdd) degrees in the move 
hoi
e is 
ru
ial only for

a limited subset of the 
onsidered ben
hmark tasks.

8.2 RLS with aspiration

An important element of traditional Tabu Sear
h [19℄ is the in
orporation of an aspiration

level 
riterion. Its role is \to provide added 
exibility to 
hoose good moves by allowing the

tabu status of a move to be overridden if the aspiration level is obtained." In parti
ular, a

simple aspiration 
riterion that is often used is that the prohibition of a move is relaxed if the


ost fun
tion value that 
an be obtained by applying it is better than the \best so far" value.

A version of the Best-Neighbor fun
tion with an aspiration s
heme has been tested.

The details are illustrated in Fig. 9. In this version, a prohibited vertex 
an be added if an

aspiration 
riterion is met (line 11) and if the degree of this vertex in G(PossibleAdd) is

larger than the maximum degree of allowed verti
es. The aspiration 
riterion is that a 
lique

larger than the 
urrent best is obtainable or, better, not ex
luded a priori.
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Best-Neighbor (CurrentClique)
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�v is the moved vertex ; type is AddMove or DropMove

if jPossibleAddj > 0 then
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type AddMove

MaxDeg maximum degree in G(PossibleAdd)

AllowedFound (f allowed v 2 PossibleAddg 6= ;)

if AllowedFound = false then

MaxDeg �1

else

MaxDeg max. degree in G(PossibleAdd) for allowed verti
es

ProhibitedNotBetter (MaxDeg =MaxDeg)

Aspiration (jCurrentCliquej+MaxDeg+ 1 >MaxSize)

if AllowedFound and (ProhibitedNotBetter or not Aspiration) then

v  random allowed v 2 PossibleAdd with deg

G(PossibleAdd)

(v) =MaxDeg

else

v  random v 2 PossibleAdd with deg

G(PossibleAdd)

(v) =MaxDeg

else

2

6

6

6

6

6

6

6

6

4

type DropMove

if (f allowed v 2 CurrentCliqueg 6= ;) then

"

MaxDeltaPA max

j

DeltaPA[j℄

v  random allowed v 2 CurrentClique with DeltaPA[v℄ =MaxDeltaPA

else

v  random v 2 CurrentClique

In
remental-Update(v; type)

if type = AddMove then return CurrentClique [ fvg

else return CurrentClique n fvg

Figure 9: RLS Algorithm: fun
tion Best-Neighbor with aspiration.

The 
omputational results are listed in [7℄. The in
reased algorithm 
omplexity is not

justi�ed by the obtained performan
e: the maximal 
lique sizes obtained are not larger with

respe
t to the version without the aspiration 
riterion and the CPU times are statisti
ally


omparable.

9 Summary and 
on
lusions

A new heuristi
 algorithm based on lo
al (neighborhood) sear
h (RLS ) has been proposed

for the solution of the Maximum-Clique problem. The RLS algorithm is 
hara
terized by an

internal feedba
k loop that determines the value of a prohibition parameter related to the

amount of diversi�
ation. Through this me
hanism a degree of 
exibility is present that is ap-

propriate for dealing with tasks with greatly di�erent 
hara
teristi
s, but the user intervention

in the tuning of parameters is avoided.

We exe
uted a series of experiments in order to motivate the 
riterion used to evaluate

neighbors, the 
ontinuation of the sear
h in the vi
inity of the �rst lo
al optimum found,
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and the use of prohibition to enfor
e diversi�
ation. But we did not optimize some of the

algorithm parameters on the given tasks, also to show what 
ould be obtained by a simple

automated on-line tuning me
hanism. Of 
ourse, better results 
ould in prin
iple be obtained

by additional performan
e tuning, espe
ially if one 
onsiders only spe
i�
 problem 
lasses. For

example, one 
ould 
onsider only random graphs of di�erent densities and study the optimal

parameter settings as a fun
tion of the graph density. This is an open resear
h area for future

investigations. An additional �nding that waits for a theoreti
al analysis is the presen
e of

strong 
orrelations in the positions of good lo
ally optimal points: sear
hing in the vi
inity

of a lo
al optimum is in many 
ases mu
h more eÆ
ient than restarting from a new initial

point. Ex
eptionally good solutions are found more easily when the sear
h is 
ontinued from

a given lo
al optimum, while they tend to elude a dire
t sear
h that starts from a random

initial point.

The 
omputational 
omplexity per iteration of RLS has been analyzed in the worst 
ase

and extensive 
omputational tests were exe
uted. In parti
ular, when the experimental results

are 
ompared with those obtained by 
ompeting heuristi
s on the se
ond DIMACS implemen-

tation 
hallenge (at least, those presented at the 1994 workshop [30℄), RLS appears to provide

a signi�
antly better performan
e, 
onsidering both the obtained 
lique sizes and the s
aled

CPU times utilized. For a limited time the C++ 
ode for the RLS algorithm will be available

for resear
h purposes at http://rtm.s
ien
e.unitn.it/ .
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Time to Best Clique Size

Name Avg (S.Dev.) Avg Iter. Iter./Se
. Min Avg (S.Dev.) Max BR

C125.9 0.004 (0.005) 151.805 37850.320 34 (0) 34 *

C250.9 0.029 (0.031) 1339.929 46172.413 44 (0) 44 *

C500.9 3.124 (2.993) 83303.133 27671.708 57 (0) 57

C1000.9 41.660 (45.987) 890773.239 21628.085 68 (0) 67

C2000.9 823.358 (844.611) 10766833.460 13099.206 77 77.575 (0.497) 78 75

DSJC500.5 0.194 (0.200) 2134.832 10991.432 13 (0) 14 *

DSJC1000.5 6.453 (6.937) 51146.292 8145.442 15 (0) 15 *

C2000.5 9.976 (9.021) 42372.655 4227.030 16 (0) 16

C4000.5 2183.089 (1921.273) 3891500.274 1778.785 18 (0) 18

MANN a27 3.116 (3.224) 86846.761 24743.495 126 (0) 126 *

MANN a45 398.770 (441.584) 5432022.407 13628.973 343 343.602 (0.510) 345 345 *

MANN a81 2830.820 (2774.694) 11921798.495 4220.428 1098 (0) 1098

bro
k200 2 9.605 (10.869) 116387.712 12414.936 12 (0) 12 *

bro
k200 4 19.491 (22.290) 319903.360 16753.570 17 (0) 17 *

bro
k400 2 42.091 (91.274) 823523.324 19601.841 25 26.063 (1.760) 29 29 *

bro
k400 4 108.638 (104.315) 2146140.595 19700.513 25 32.423 (2.078) 33 33 *

bro
k800 2 4.739 (4.484) 58090.387 12652.807 21 (0) 21

bro
k800 4 6.696 (5.914) 81744.081 12494.204 21 (0) 21

gen200 p0.9 44 0.037 (0.045) 1865.847 50405.405 44 (0) 44 *

gen200 p0.9 55 0.016 (0.009) 772.423 47990.649 55 (0) 55 *

gen400 p0.9 55 1.204 (1.327) 35017.631 32543.732 55 (0) 55

gen400 p0.9 65 0.050 (0.032) 1869.550 35378.370 65 (0) 65

gen400 p0.9 75 0.051 (0.022) 1858.640 35281.747 75 (0) 75

hamming8-4 0.003 (0.005) 16 5340.431 16 (0) 16 *

hamming10-4 0.078 (0.051) 928.757 9310.314 40 (0) 40

keller4 0.002 (0.004) 31.126 16250.250 11 (0) 11 *

keller5 0.171 (0.167) 2990.036 16065.350 27 (0) 27

keller6 189.814 (196.006) 1173480.964 6312.307 59 (0) 59

p hat300-1 0.018 (0.036) 245.928 13611.111 8 (0) 8 *

p hat300-2 0.006 (0.005) 44.514 7418.333 25 (0) 25 *

p hat300-3 0.021 (0.014) 835.117 39761.90 36 (0) 36 *

p hat700-1 0.186 (0.210) 1707.793 10965.527 11 (0) 11 *

p hat700-2 0.028 (0.005) 140.054 4901.682 44 (0) 44 *

p hat700-3 0.035 (0.012) 333.297 7844.232 62 (0) 62

p hat1500-1 30.274 (30.440) 157613.757 5113.824 12 (0) 12 *

p hat1500-2 0.158 (0.057) 943.955 4819.865 65 (0) 65

p hat1500-3 0.192 (0.066) 1807.351 8190.056 94 (0) 94

Table 9: Results on DIMACS Ben
hmark Instan
es, average time (with standard deviation)

and iterations to �nd the best solution, average number of iterations per se
ond, obtained


lique size (with std. dev.). BR is the best result of all DIMACS workshop parti
ipants (* if

optimality is proved).
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