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Solving MAX-SAT with non-oblivious functions
and history-based heuristics
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ABSTRACT. The MAX-Satisfiability problem has been thoroughly investigated
from theoretical and practical points of view. In the first area, new ap-
prozimation algorithms have been recently proposed that achieve in the
worst-case a solution whose value is slightly better than 3/4 of the optimal
one. In the second area a wide selection of heuristics have been designed
with a performance that is of interest for many practical applications.

The research in this paper analyzes the use of non-oblivious local search,
an approximation technique with better theoretical properties with respect
to the standard local search, in the framework of heuristics. First the average
approximation performance is studied through a statistical analysis. Then
a combined two-phase local search using both non-oblivious and oblivious
functions is investigated.

The satisfactory results obtained in these simple tests motivate a more
complex integration of the basic methods. In particular a “reactive” al-
gorithm based on Tabu Search (Non-Oblivious Reactive Tabu Search, N-
RTS for short) is designed with periodic use of non-oblivious functions and
an automated diversification scheme. Extensive experimental results as a
function of the allotted number of iterations show a better performance in
comparison with competitive heuristics like GSAT-with-walk, on a bench-

mark of random MAX-3-SAT problems.

1. Introduction

The interest for the MAX-Satisfiability problem (MAX-SAT) stems from
many reasons. The starting point was that the related satisfiability problem
(SAT), as it is well known, was the first example of an NP-complete problem
and therefore it opened the long list that marks the border between computational
tractability and intractability. On the other hand many issues in mathematical lo-
gic and artificial intelligence can be expressed in the form of satisfiability or some
of its variants, like constraint satisfaction. There has recently been a renaissance
in the study of effective heuristic algorithms based on local search and random
diversification techniques for SAT and MAX-SAT. Starting from the late eighties
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both discrete and continuous-based greedy algorithms have been proposed, see
for example [13, 14, 7, 24] and the reviews in [15] and [22].

The focus of this paper is twofold: first we examine the average performance
of the recently proposed non-oblivious functions for local search and demonstrate
that, beyond possessing a better worst-case behavior [19], these functions lead to
local optima of better average quality with respect to standard local search, for a
benchmark of random MAX-3-SAT problems. Then we investigate novel integ-
rations of standard and non—oblivious functions in simple local search schemes
and in complex heuristics and propose a new heuristic (N-RTS) that integrates
Tabu Search with the periodic activation of non—oblivious functions and the “re-
active” triggering of a strong diversification phase. This integration achieves
better average performance than existing algorithms.

In the following sections, first we summarize some theoretical results on MAX-
SAT (Sec. 2), then we investigate the use of non-oblivious functions in basic local
search schemes (Sec. 3) and in complex heuristics (Sec. 4). A comparative ana-
lysis of the different algorithms is executed by analyzing the average approxima-
tion behavior as a function of the number of elapsed iterations, on a benchmark
of random MAX-3-SAT tasks used in [17] and [25].

2. Some theoretical results on MAX-SAT

While SAT is a decision problem, MAX-SAT is its optimization version, in
which one looks for an assignment that maximizes the number of satisfied clauses
of a boolean formula in conjunctive normal form.

Now, finding the optimal solution for optimization problems with an NP-
complete decision version is too computationally expensive (the existing exact
algorithms require exponential time). Therefore an important research area start-
ing between the end of the seventies and the beginning of the eighties was devoted
to solve these problems in an “approximate way,” for a survey, see, for example,
[2]. However, this approach is effective if two conditions hold: a) the approx-
imation algorithm must be efficient; b) the value of the solution found by the
algorithm must be “close” to the optimal one.

Condition a) can be formalized by asking that the algorithm runs in polynomial
time. For condition b) one has to introduce some measure of the goodness of the
approximation. One of the most common approaches is based on the notion of
performance ratio.

Let us now summarize some results in this area. In the following, by approx-
imation algorithm, we mean an algorithm that finds a feasible solution x.

DEFINITION 2.1. Let P be a maxrimization problem whose decision version is
N P—complete. Let A be an approrimation algorithm for P. Moreover, given any
instance I of P, m(A(I)) denotes the value achieved by algorithm A on I and
m*(I) denotes the optimal value on I. The performance ratio of A with respect
to I is the ratio
m(A())

R(LAW) = 700

When the worst-case ratio is considered one has the following definition:
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DEFINITION 2.2. Let P be a maximization problem whose decision version is
N P—complete. P is solved by an approximation algorithm A with performance
ratio R if, for any instance [ € P

R(I,A(I)) > R

Similar definitions can be given for minimization problems. The performance
ratio ranges between 0 and 1. Of course, when R is close to 1, algorithm A
achieves feasible solutions whose values are very good.

Many polynomial-time approximation algorithms have been introduced for
the MAX-SAT problem. The first important algorithm [18] based on a greedy
approach achieves a performance ratio 1/2. Recently this bound has been consid-
erably improved . In [28] and in [10] two different algorithms achieve a perform-
ance ratio 3/4 for any MAX-SAT formula, while further small improvements are
given in [11] and [6]. These results can be ameliorated if we restrict ourselves
to consider special cases. Up to now, the “record” for MAX-2-SAT is 0.931, see
[6], while that for MAX-3-SAT is 0.801, see [27].

In practice, for many instances, such algorithms find a feasible solution whose
value 1s considerably better than that guaranteed by the worst—case performance
ratio.

On the other hand, negative results for MAX-SAT have been proven by show-
ing that this problem cannot be approximated beyond a certain level. In partic-
ular the following results are obtained in [5]:

THEOREM 2.1. If P # N P then no polynomial time approzimation algorithm
for MAX-SAT can exist with performance ratio % + € for every e > 0.

while, for the special case of MAX-2-SAT one has:

THEOREM 2.2. If P £ NP then no polynomial time approzimation algorithm

for MAX-2-5AT can exist with performance ratio %g + € for every e > 0.

From a theoretical point of view, the approximation complexity of MAX-SAT
is therefore not completely determined because there is still a gap between the
bound that cannot be achieved and the bound found by the best approximation
algorithms.

2.1. Non-oblivious functions. In the design of efficient approximation al-
gorithms for MAX-SAT a recent approach of interest is based on the use of
non-oblivious functions independently introduced in [19] and in [1].

Let us consider a classical local search algorithm for MAX-SAT, denoted as
oblivious local search (OB). Let n be the number of variables and m be the number
of clauses. The algorithm starts from an arbitrary feasible solution x € {0, 1}
(that is, a truth assignment) and looks for a better solution in a neighborhood
N of x. The most common neighborhoods considered in this framework are the
d-neighborhoods. By definition, a d-neighborhood consists of all truth assign-
ments that differ from x in at most d points. In particular, a 1-neighborhood
is obtained by applying to x the elementary moves that change the value of a
single variable z;. At each iteration the algorithm evaluates the points in the
neighborhood by calculating the number of satisfied clauses. Then a point in the
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neighborhood becomes the new current solution if more clauses are satisfied. The
procedure stops when the achieved best solution cannot be improved by moving
to a neighbor. Clearly, the feasible solution found by OB local search typically
1s only a local and not a global optimum.

Now, a different type of local search can be obtained by using a different
objective function to direct the search, i.e., to select the best move at each it-
eration. Local optima of the “standard” objective function are not necessarily
local optima of the different objective function. In this event, the second function
causes an escape from a given local optimum. Clearly, in order to be useful, the
second function has to improve the performance of the algorithm. Interestingly
enough, this is indeed the case for suitable functions if one considers both the
worst-case performance ratio and, at it will be shown in this paper, the actual
results obtained on benchmark instances. With a clever choice of the second
non-oblivious function the search trajectory can be steered in other directions
and the performance of the local search can be improved.

Let us start with MAX-2-SAT. Given an assignment x, let .S; denote the set of
clauses in the given task in which exactly ¢ literals are true and let w(S;) denote
the total number of clauses in 5;. Then the theoretically-derived non—oblivious
function for MAX-2-SAT is:

3
The following result ([19]) holds:

THEOREM 2.3. The performance ratio for any oblivious local search algorithm
with a d-neighborhood for MAX-2-SAT is 2/3 for any d = o(n). Non-oblivious
local search with an 1-neighborhood achieves a performance ratio 3/4 for MAX-
2-SAT.

Therefore non-oblivious local search (NOB) improves considerably the per-
formance ratio even if the search is restricted to a much smaller neighborhood.
With a suitable generalization of the non-oblivious function the above theorem
can be extended:

THEOREM 2.4. Non-oblivious local search achieves a performance ratio 1— 2%

for MAX-k-SAT.
In detail, the oblivious function for MAX-3-SAT is:

w(S1) + 2w(S:) + 2 w(Ss)

while that for MAX—4-SAT is:

45 56 61 64
T30 (51) + Gw(S2) + 5w (Ss) + Sw(Ss)

It is important to stress that these results fall in the worst-case approach and
that they cannot be immediately translated into competitive heuristics. However,
in the following sections, we will see that the use of non—oblivious functions can be
fruitfully applied to the design of heuristics for MAX-SAT, therefore establishing

a remarkable connection between approximation algorithms and heuristics.
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For the following discussion, let us denote with fop or | simply, f the “stand-
ard” oblivious function given by the number of satisfied clauses, and by fyop
the above introduced non—oblivious function.

2.2. Example. Let us consider the following task with number of variables
n = b, and clauses m = m* = 4:

(51 \/52 \/1‘3), (51 \/52 \/1‘4), (51 \/52 \/1‘5), (53 \/54 \/55)

Let us assume that the assignment x = (11111) is reached by OB local search.
It is immediate to check that x = (11111) is an oblivious local optimum with one
unsatisfied clause (clause-4). While OB stops here, a possible sequence to reach
the global optimum starting from x is the following: i) 27 is set to false ii) z3 is
set to false. Now, the first move does not change the number of satisfied clauses,
but it changes the “amount of redundancy” (in clause-1 two literals are now
satisfied, i.e., clause-1 enters S2) and the move is a possible choice for a selection
based on the non-oblivious function. The oblivious plateau has been eliminated
and the search can continue toward the globally optimal point x = (01011).

3. Nomn-oblivious functions in basic local search

The above cited theoretical results tell us that local search with non-oblivious
functions obtains a better worst-case result with respect to OB. Our first series
of tests aims at assessing the relative average-case performance of the two pos-
sibilities, both in terms of the average quality of the local optima discovered and
in terms of the number of iterations executed. The considered neighborhood is
the 1-neighborhood, whose n members are obtained by flipping a single variable.

Our tests are dedicated to MAX-3-SAT instances. The same benchmark suite
as that of [17] and [25] is considered and the generator of random 3-SAT instances
was obtained from B. Selman’. For each couple of variables and clauses (n, m),
50 instances were randomly generated (seeds 1,2,...,50).

The mean results found by different techniques are reported in Table 1. The
first five lines in the Table are derived from [17] that proposed the Steepest
Ascent — Mildest Descent method (SAMD), a prohibition-based heuristic similar
to Tabu Search [9], with superior performance in comparison with Johnson’s
approximation algorithms [18] (JOHN1 and JOHN2) and Simulated Annealing
(SA). The line about GSAT+ refer to the GSAT-with-walk algorithm proposed
in [23, 25]. Additional entries refer to our experiments and will be described in
the following sections.

3.1. Average performance for local search (OB, NOB). Local search
stopping at the first local optimum is run 10 times for each instance after using
different random initial assignments, for a total of 500 tests for each (n,m)
couple. Ties between moves causing the same Af are broken randomly, with
uniform probability for all candidates.

Table 1 lists the average number of unsatisfied clauses at the local optimum
(with its statistical error in parenthesis), while Table 2 reports the average num-
ber of iterations applied after starting from a random assignment. The lines

1 The code is available at an ftp archive, contact selman@research.att.com for details.
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TABLE 1. MAX-3-SAT: Mean number of unsatisfied clauses
(statistical error in parenthesis when available). The first five
lines are from Hansen-Jaumard, GSAT+ is from Selman et. al.
OB is the oblivious search, NOB the non—oblivious one, see text
for details.

variables 100 100 300 300 500
clauses 500 700 1500 2000 5000
LOC 15.6 26.6 43.5 73.5 249.1
JOHN1 14.9 28.2 45.3 74.1 268.8
JOHN?2 13.5 26.9 44.1 76.5 257.4
SA 8.2 18.1 30.0 58.0 226.4
SAMD 5.1 14.7 15.3 39.0 182.8
GSAT+ 2.9 12.9 8.1 34.9 163.6
OB 15.1 (0.3) | 27.7 (0.6) | 43.9 (0.9) | 74.4 (0.9) | 244.1 (1.8)
NOB 10.9 (0.3) | 23.6 (0.3) | 31.0 (0.6) | 60.7 (0.9) | 220.8 (1.2)
NOB&OB 8.9 (0.3) | 20.8 (0.3) | 25.7 (0.6) | 53.1 ( 0.6) | 202.7 (1.2)
NOB&OB &
10 X n iter. 4.5 (0.3) | 15.7 (0.3) | 11.8 (0.3) | 36.6 (0.6) | 172.3 (0.9)
NOB&OB &
50 X n iter. 4.2 (0.3) | 15.6 (0.3) | 10.8 (0.3) | 36.1 (0.6) | 171.8 (0.9)
variables 100 300 300
clauses 200 600 800
LOC 1.9 5.9 12.2
JOHN1 2.3 4.7 10.6
JOHN?2 1.4 2.7 9.0
SA 0.2 2.7 6.1
SAMD 0.3 2.4 4.3
GSAT+ 0 0 0
OB 1.9 (0.3) | 5.7 (0.3) | 11.6 (0.3)
NOB 0.3 (0.1) | 1.0 (0.1) | 4.0 (0.3)
NOB&OB 0.2 (0.1) | 0.6 (0.1) | 2.7 (0.3)
NOB&OB &
10 X 7 iter. 0 | o@© | oo
NOB&OB &
50 X 7 iter. 0 | o | o

denoted with OB (NOB) corresponds to the oblivious and non-oblivious search,
respectively.

The first result to be noted is that the NOB local search does lead to local
optima of a better average quality with respect to OB. In some cases the relative
improvement is large. As an example from Table 1, for the (300, 600) problems
one passes from 5.7 unsatisfied clauses to 1.0. The number of iterations increases
by about a factor of two but it is in all cases upper bounded by 1/2 x n.

Table 3 reports the measured CPU time for the different tests, including the
initialization phase and input/output operations. Our software has been optim-
ized for flexibility and not for speed: therefore the CPU times are not to be
considered as “best effort” estimates. Fven with this research version of the
software, the CPU time needed by NOB is very small (less that 0.5 sec for the
largest tasks).
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TABLE 2. MAX-3-SAT: Average number of iterations to reach
the local optimum. OB = oblivious, NOB = non—oblivious local
search, NOB&OB = oblivious search following NOB.

variables 100 100 300 300 500
clauses 500 700 1500 2000 5000
OB 23.4 (0.6) | 26.0 (0.6) | 70.0 (0.9) | 76 .8 (0.9) | 143.8 (1.5)
NOB 42.6 (0.9) | 44.2 (0.9) | 131.8 (1.5) | 134.1 (1.5) | 230.5 (2.1)
NOB&OB || 44.6 (0.9) | 46.9 (0.9) | 137.0 (1.5) | 141.2 (1.5) | 246.2 (2.1)

variables 100 300 300
clauses 200 600 800
OB 14.6 (0.3) | 44.7 (0.6) | 52.7 (0.6)
NOB 41.1 (0.6) | 125.5 (1.2) | 125.4 (1.2)
NOB&OB || 41.2 (0.6) | 125.9 (1.2) | 126.7 (1.2)

TABLE 3. MAX-3-SAT: Average CPU time (seconds, Pentium
PC at 120 MHz) for different algorithms, see text.

variables || 100 | 100 | 100 | 300 | 300 | 300 300 500
clauses || 200 | 500 | 700 | 600 | 800 | 1500 | 2000 | 5000

OB 0.08 [ 0.09[0.10]0.10 [0.12 | 0.14 | 0.16 | 0.37
NOB 0.08 | 0.10 | 0.10 | 0.13 | 0.16 | 0.20 | 0.22 | 0.48
NOB&OB 0.08 | 0.10 | 0.10 | 0.13 | 0.17 | 0.20 | 0.23 | 0.52
NOB&OB &
10 X n iterations || 0.13 | 0.19 | 0.20 | 0.51 | 0.57 | 0.64 | 0.72 | 2.07
NOB&OB &

50 X n iterations || 0.39 | 0.48 | 0.54 | 2.06 | 2.16 | 2.34 | 2.64 | 8.34

3.2. Two-phase local search (NOB&OB). Let us remind that the local-
optimality criteria corresponding to f and fyop are not equivalent: in particular
a local optimum for the non-oblivious function is not necessarily a local optimum
for the oblivious one. The reason is intuitively clear: approximations obtained
through fyop tend to be characterized by a “redundant” satisfaction of many
clauses (let us remember that positive terms in the function fyop proportional
to w(S2) and w(Sz) favor this result). Now, it may be the case that more clauses
can be covered by reducing the amount of redundancy.

Let us therefore consider the following two-phase local search algorithm: after
a random start the non-oblivious function guides the search until a local optimum
is encountered (NOB&OB). As soon as this happens a second phase is started
where the move evaluation i1s based on the oblivious function. This phase is in
turn stopped as soon as its first local optimum is found (it is therefore stopped
immediately if the assignment obtained by NOB cannot be modified to increase
the number of satisfied clauses).

The intuition is confirmed by the experimental evidence (see Table 1-2): the
second phase produces a non-trivial reduction in the number of unsatisfied clauses
at the price of a limited number of additional iterations. Clearly, each additional
iteration of OB decreases the number of unsatisfied clauses by at least one.
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A further reduction in the number of unsatisfied clauses can be obtained by a
“plateau search” phase following NOB&OB: the search is continued for a certain
number of iterations after the local optimum of OB is encountered, by using f
as guiding function. In this phase the best move i1s always applied, even if it
leads to an equal or worse f value. In particular, the results obtained with an
additional phase of 10 x n and 50 x n iterations are listed in the last two lines of
Table 1, while the CPU time is listed in Table 3.

From the above results it is apparent that the instances corresponding to
some ratios of clauses to variables are satisfiable with a very large probabil-
ity. In fact, so large that no unsatisfiable instance was found for (n, m) equal
to (100, 200), (300, 600), (300, 800). This result is clearly explained by the ana-
lysis of [21]. For this reason, and in order to focus onto the most relevant
data for MAX-SAT, only the non-trivial cases (100,500), (100,700), (300,1500),
(300,2000), and (500, 5000) are considered in the following experimental part.

4. Nomn-oblivious functions in complex heuristics

From the above results it is apparent that NOB obtains better approximations
than OB, on the average. In addition, better approximations are obtained if
OB follows NOB and, finally, still better results are obtained if the search is
not stopped at the “oblivious” plateau but continued for a certain number of
iterations. While the results about non-oblivious functions are novel, the fact
that MAX-SAT is characterized by many local optima and flat plateaus and that
exploring the vicinity of a local optimum for a certain period before restarting is
appropriate has been observed by many authors [14, 24, 7, 8].

It is remarkable that the above combination (NOB&OB) when followed by
a short number of iterations (e.g., equal to 10 x n), reaches results that are
comparable to, and in some cases better than those obtained by Hansen and Jau-
mard [17]. In particular, NOB&OB plus 10 x n iterations solves all satisfiable
instances, while SAMD does not, see the columns corresponding to the (100,200),
(300,600), and (300,800) tasks in Table 1. For the unsatisfiable instances a siz-
able performance difference is observed, particularly for large-size tasks. As an
example, for (500,5000) tasks SAMD reaches 182.8 unsatisfied clauses, while
NOB&OB plus 10 x n iterations reaches 172.3.

Nonetheless, in spite of the above encouraging evidence, the final solution
quality 1s not competitive with recently-proposed heuristics like “GSAT-with-
walk” of Selman et al. [25], see the line marked GSAT+ in Table 1. The
GSAT-with-walk algorithm will be summarized in the following section. Now,
while both SAMD and NOB&OB require a very limited CPU time (at most some
seconds on the largest tasks) GSAT-with-walk has been given ample time in [25]
(up to 10,000 seconds on the largest instances). Clearly, the larger the allotted
number of iterations ¢, the better the solution. In fact, given the presence of
random restarts, if ¢ tends to infinity GSAT+ will encounter the optimal solution
with probability tending to one (eventually the optimal solution will be generated
as starting point!).

At this point it is therefore appropriate to consider the average quality of
results as a function of the elapsed iterations when more complex algorithms are
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considered. In this manner the performance of different algorithms can be judged
in a fair manner and the appropriate compromise between computation time and
solution quality can be decided in a given application.

In a first series of tests the “relevant” MAX-3-SAT benchmark suite described
above is used to test the different algorithms up to a number of iterations equal
to 1,000 xn.

4.1. GSAT with “random noise” strategies. Different variations of local
search with randomness techniques have been proposed for SAT and MAX-SAT
starting from the late eighties, for some examples see [13], [26], and the up-
dated review of [15], and motivated by previous applications of “min-conflicts”
heuristics in the area of Artificial Intelligence [12], [20].

A popular algorithm like GSAT [26] consists of multiple runs of OB local
search followed by a certain number of iterations, for a total of a fixed number
of iterations for each run. Different “noise” strategies to escape from attrac-
tion basins are added to GSAT in [25]. In particular, the “GSAT-with-walk”
algorithm has been tested in [25] on the Hansen-Jaumard benchmark of [17],
where a better performance with respect to SAMD is demonstrated (although
requiring much longer CPU times).

GSAT-WITH-WALK
1 for i+ 1to MAX-TRIES

x + random truth assignment
for j+ 1to MAX-FLIPS
if RanpoM < p then
var < any variable occurring in some unsatisfied clause
else
var < any variable with largest A f
FLP (var)

0 =1 O O b= W N

FIGURE 1. The “GSAT-with-walk” algorithm. RANDOM gener-
ates random numbers in the range [0, 1]

The algorithm is briefly summarized in Fig. 1. A certain number of tries
(MAX-TRIES ) is executed, where each try consists of a number of iterations
(MAX-FLIPS ). At each iteration a variable is chosen by two possible criteria
and then flipped. One criterion (active with “noise” probability p) selects a
variable occurring in some unsatisfied clause with uniform probability over such
variables, the other one is the “standard” method based on the OB function. The
best assignment is saved and reported at the end, unless all clauses are satisfied
and the run is terminated before. The use of more than one try is not crucial
given the better diversification properties in comparison with GSAT.

The software corresponding to the algorithm has been developed in C++ and
the algorithm has been tested on the above benchmark. The data in [25] are
not sufficient because we are interested in analyzing the approximation behavior
as a function of the number of iterations. The original seeds were not available
and therefore the tasks are different from those used in [25], although, clearly,
extracted from the same distribution. The parameters used are MAX-FLIPS
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=b5xn,p=04and MAX-TRIES corresponding to the desired total number of
iterations.

The approximation behavior of GSAT-with-walk is shown in Fig. 2. Each
graph corresponds to a different problem dimension. Each curve reports the
results for different number of clauses by showing the average number of unsat-
isfied clauses (the best-so-far value) as a function of the elapsed iterations. The
superiority of this algorithms with respect to simple GSAT is confirmed in our
tests, that are not reported for brevity. In addition, results that are statistically
comparable to those of [25] are reproduced in runs of up to three hours of CPU
time. On the contrary, the maximum CPU time for the tests of Fig. 2 ranges

from 10 sec for (100, 500) tasks to 4 minutes for (500, 5000) tasks.

4.2. GSAT-with-walk using NOB. Given the superior approximation res-
ults obtained by non-oblivious functions and the encouraging performance of
GSAT-with-walk one is led to consider the adoption of the non-oblivious func-
tion in the given algorithm.

The results obtained when fyop 1s used to select variables in GSAT-with-
walk are shown in Fig. 3. The approach is disappointing: in fact the obtained
results are much worse that those obtained with the standard f. A similar result
has been obtained after applying the same substitution to GSAT: GSAT with
fvop produces much worse results with respect to standard GSAT.

Apparently the use of fyop 1s “misleading” if a very good approximation is
searched for: the search trajectory is biased towards assignments with redundant
coverings, i.e., large values of w(Sz2) and w(Ss), but the price to be paid is that
more clauses tend to remain unsatisfied. In addition, many moves that are judged
as equivalent when using f obtain different scores with fyop. In other words,
fnvop tends to produce finer-grained rankings of the moves and therefore to reduce
the need of a random breaking of ties. The implied reduction in diversification
(caused by the reduction in the number of “best” moves at each iteration) could
be acceptable if the search is directly focussed onto assignments with high values
of f (not only of fnop !) but the obtained results are negative in this respect.

4.3. History-based search with NOB&OB: the N-RTS algorithm.
Given the unsatisfactory performance obtained through the simple substitution
of f with fyop it is useful to reconsider the results obtained in Sec. 3. In that
case better results were obtained when fyop was used in a first phase, until a
local optimum of fxyop was encountered, then f was used during a second phase.
In addition, the results summarized in Table 1 demonstrate that diversification
18 indeed needed after a certain number of iterations on the plateau. In fact, a
very limited gain was obtained in passing from 10 x n to 50 x n iterations.

History-based heuristics like SAMD (“steepest ascent mildest descent”) [17],
clause—weighting [24], and HSAT [8] have been proposed to increase the amount
of diversification without compromising the average performance, to continue
local search schemes beyond local optimality and, at the same time, to avoid
cycles in the search directory. These schemes and related ones aim at diversify-
ing the search into uncharted territories by using the information collected from
the previous phase (the “history”) of the search. As an example clause-weighting
where the weights are dynamically modified during problem solving can be con-
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sidered as a “reactive” technique where a repulsion from a given local optimum
is generated in order to induce an escape [3].

These methods are to be compared with simpler diversification schemes (like
random restarts or simple versions of Simulated Annealing, SA for short) that do
not use the previous history. As an example, the choice of the next move in the
Markov chain generated by SA is influenced only by the current point x : there
is no way for the SA algorithm to determine that the search is trapped in a local
attraction basin close to a locally optimal point. Therefore SA may spend huge
amounts of computing time in a confined and suboptimal search region. The
asymptotic results for SA are not relevant for its practical application (a simpler
scheme like random search is asymptotically faster than SA, while exhaustive
search terminates in finite time!).

History-based schemes, like other heuristics, can be characterized by some free
parameters whose values have to be tuned for specific problems by the user or,
preferably, by some automated tuning mechanism. In particular, the Reactive
Tabu Search [4] (RTS) proposes a simple but effective mechanism to tune the
prohibition parameter of TS. The feedback scheme i1s based on the repetition
of points along the search trajectory: an evidence of cycling or of a “chaotic”
trapping of the trajectory. In general, the Reactive Search framework [3] proposes
to use feedback mechanisms based on the previous history (machine-learning) for
two purposes: i) to tune the internal parameters in an adaptive way and ii) to
generate an automated balance of diversification and intensification.

Preliminary tests of RTS for MAX-SAT showed that the use of repetitions as
triggering mechanism tends to be fragile in the presence of large plateaus with the
same f values: for large n the repetitions can be very rare even if the trajectory
is confined.

Therefore we decided to base the “reaction” on a more robust measure of di-
versification: the Hamming distance H. After a local optimum xj is reached,
the corresponding assignment is stored into memory, and the Hamming distance
between the current point and the stored point xz is monitored during the sub-
sequent iterations. Now, 1t is well known that, for large n values, most binary
strings are at distance of approximately n/2 from a given string. In detail, the
Hamming distances are distributed with a binomial distribution with the same
probability of success and failure (p = ¢ = 1/2), in fact the fraction of strings at

distance H is equal to
n 1
H )

It is well known that the mean is n/2 and the variance is n/4. The above
coefficients increase up to the mean n/2 and then decrease. The mean Hamming
distance is therefore n/2 and a large fraction of the strings are clustered at nearby
distances. As an example, one can use the Chernoff bound [16]:

Pr[H < (1= 0)pn] < #*70/2

the probability to find a point at a distance less than np = n/2 decreases in the
above exponential way (6 > 0).
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This fact can be used to trigger a radical diversification if the maximum Ham-
ming distance reached from the stored local optimum is less than n/2 after a suit-
able search period, otherwise only a negligible fraction of the possible strings, all
located close to x, will be visited. The time constant with which pure random
walk, after starting from x converges to its asymptotic value of mean distance
H = n/2 from x is proportional to n. Therefore it is reasonable to wait for a
number of iterations equal to a small multiple of n before testing for a possible
strong diversification. This prescription agrees with the experimental prescrip-
tions for using GSAT, where a restart is activated every k X n iterations, k£ being
a small integer [7].

NoN-OBLIVIOUS-REACTIVE-TABU-SEARCH

1 x + random truth assignment

2 repeat

3 [ repeat { NOB local search }

4 var < any variable with largest A fyop

5 FLip (var)

6 until largest Afyop =0

7 Xy  current X

8 Hmax F 0

9 for 10 x n iterations { tabu search }

10 var < any allowed variable with largest Af

11 if none allowed, any variable with largest A f
12 FLP (var)

13 Hpar ¢ max{Hpaz, H(xp, %)}

14 if Hpae < n/2 then { diversification test }
15 i randomly pick n/2 variables and change their values

16 until solution is acceptable or maximum number of iterations reached

FIGURE 4. The N-RTS algorithm.

The proposed N-RTS algorithm (Non-oblivious Reactive Tabu Search) is il-
lustrated in Fig. 4. It consists of phases of Tabu Search starting at the local
optima produced by NOB local search. After 10 x n iterations of TS the diver-
stfication test is executed: if the diversification is not sufficient, n/2 variables
are randomly chosen (without replacement) and complemented. In this way a
distance H = n/2 is enforced. The effect is similar to that obtained with a
random restart: in this case an average of n/2 variables will have a different
truth value. After the check and the (possible) strong diversification, the search
continues with OB local search. The prohibition parameter of TS is equal to
n/10. Additional implementation details for TS include the use of an aspira-
tion criterion (the prohibition of a move is relaxed if a value of f larger than
the best-so-far can be obtained by using the move) and a tie-breaking scheme:
if more allowed moves would cause the same Af, the ones satisfying more new
clauses (not satisfied in the current x) are preferred. This criterion increases the
diversification without changing the f values obtained. If more that one move
survives this second criterion, a random choice is executed.
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The obtained results are illustrated in Fig. 5, where the results of Fig 2 are
reported with dashed lines for a better comparison. It can be observed that
the approximation results of N-RTS are much better than those of GSAT-with-
walk if the results are compared at the same number of elapsed iterations. The
performance advantage starts in the very early phase, given the better quality
of the first local optimum produced when NOB local search is followed by tabu
search with the standard oblivious function. The initial advantage is maintained
in the following phases of the search, in particular N-RTS obtains results close to
the final ones after a limited number of iterations. The performance advantage
is limited for the small-size tasks: both GSAT-with-walk and N-RTS reach the
same value at the end of 100,000 iterations for n = 100, and it increases for
the larger tasks as it is evidenced by the growing performance gap at the end of
the run when one considers tasks with n = 300 and, particularly, n = 500. For
a more quantitative comparison of the final results, the average performance of
the considered heuristics at the end of different numbers of allotted iterations is
collected in Table 4.

TABLE 4. Average performance at the end of different numbers
of iterations (1K = 1,000).

variables 100 100 300 300 500

clauses 500 700 1500 2000 5000
GSAT+ at 1K x n 2.8 (0.6) | 13.4 (0.6) | 8.8 (1.2) | 32.9 (1.8) | 166.6 (3.0)
GSAT+ at 5K x n 2.8 (0.6) | 13.4 (0.6) | 7.8 (1.1) | 32.5 (1.5) | 165.5 (2.8)
GSAT+ & NOB at 1K x n || 4.2 (0.7) | 15.4 (0.6) | 16.6 (1.2) | 43.3 (1.8) | 192.5 (2.9)
N-RTS at 1K X n 2.8 (0.5) | 13.4 (0.6) | 7.2 (0.7) | 31.0 (0.9) | 160.5 (1.8)
N-RTS at 5K X n 2.8 (0.5) | 13.4 (0.6) | 7.1 (0.7) | 31.0 (0.9) | 160.0 (1.2)

5. Conclusion

Motivated by recent theoretical results about non-oblivious functions for local
search [19, 1], the average performance of NOB local search was investigated on
a benchmark of random MAX-3-SAT problems. The first experimental result
obtained is that NOB reaches local optima with a number of unsatisfied clauses
lower than the number obtained through standard (OB) local search, on the
average.

Then a novel combination (NOB&OB) is investigated: standard local search
takes off from the local optimum found by NOB and reaches its own local op-
timum. When NOB&OB is followed by a limited number of iterations, approx-
imations better than those reached by SAMD [17] are obtained.

Because the results are not competitive with more recent heuristics, the integ-
ration of non-oblivious functions in more complex algorithms is studied through
a statistical analysis of the approximation behavior as a function of the elapsed
iterations. Here a negative result is obtained about the simple substitution of the
function guiding the search in the neighborhood: if fxyop is used instead of the
standard f in GSAT or GSAT-with-walk, the performance worsens.

Finally, a novel algorithm in which phases of NOB local search are alternated
with phases of Tabu Search is proposed (N-RTS). In this algorithm a “reactive”
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activation of a stronger form of diversification (beyond that provided by the
basic TS mechanism) is triggered by monitoring the Hamming distance from
a stored local optimum. In this case the approximation obtained in the initial
phase of the search is much better than that provided by GSAT-with-walk and
the performance gap is maintained up to large number of iterations, especially
for larger dimensional tasks.
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