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THE MAXIMUM SATISFIABILITY

PROBLEM, MAX-SAT

In the Maximum Satis�ability ( MAX{SAT )

problem one is given a Boolean formula in 
on-

jun
tive normal form, i.e., as a 
onjun
tion of


lauses, ea
h 
lause being a disjun
tion. The

task is to �nd an assignment of truth values to

the variables that satis�es the maximum num-

ber of 
lauses.

Let n be the number of variables and m the

number of 
lauses, so that a formula has the fol-

lowing form:
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where jC

i

j is the number of literals in 
lause

C

i

and l

ik

is a literal, i.e., a propositional vari-

able u

j

or its negation u

j

, for 1 � j � n. The

set of 
lauses in the formula is denoted by C.

If one asso
iates a weight w

i

to ea
h 
lause C

i

one obtains the weighted MAX{SAT problem,

denoted as MAX W{SAT : one is to determine

the assignment of truth values to the n vari-

ables that maximizes the sum of the weights of

the satis�ed 
lauses. In the literature one often


onsiders problems with di�erent numbers k of

literals per 
lause, de�ned as MAX{k{SAT , or

MAX W{k{SAT in the weighted 
ase. In some

papers MAX{k{SAT instan
es 
ontain up to

k literals per 
lause, while in other papers they


ontain exa
tly k literals per 
lause. We 
onsider

the se
ond option unless otherwise stated.

MAX{SAT is of 
onsiderable interest not

only from the theoreti
al side but also from the

pra
ti
al one. On one hand, the de
ision version

SAT was the �rst example of an NP{
omplete

problem [16℄, moreover MAX{SAT and related

variants play an important role in the 
hara
-

terization of di�erent approximation 
lasses like

APX and PTAS [5℄. On the other hand, many

issues in mathemati
al logi
 and arti�
ial intel-

ligen
e 
an be expressed in the form of satis-

�ability or some of its variants, like 
onstraint

satisfa
tion. Some exemplary problems are 
on-

sisten
y in expert system knowledge bases [46℄,

integrity 
onstraints in databases [4, 23℄, ap-

proa
hes to indu
tive inferen
e [35, 40℄, asyn-


hronous 
ir
uit synthesis [32℄. An extensive re-

view of algorithms for MAX{SAT appeared

in [9℄.

Davis and Putnam [19℄ started in 1960 the

investigation of useful strategies for han-

dling resolution in the Satis�ability problem.

Davis, Logemann and Loveland [18℄ avoid the

memory explosion of the original DP algorithm

by repla
ing the resolution rule with the splitting

rule. A re
ent review of advan
ed te
hniques for

resolution and splitting is presented in [31℄.

The MAX W{SAT problem has a natu-

ral integer linear programming formulation

( ILP ). Let y

j

= 1 if Boolean variable u

j

is

true, y

j

= 0 if it is false, and let the Boolean

variable z

i

= 1 if 
lause C

i

is satis�ed, z

i

= 0

otherwise. The integer linear program is:

max

m

X

i=1

w

i

z

i

subje
t to the following 
onstraints:
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where U

+

i

and U

�

i

denote the set of indi
es of

variables that appear unnegated and negated in


lause C

i

, respe
tively. If one negle
ts the ob-

je
tive fun
tion and sets all z

i

variables to 1,

one obtains an integer programming feasibility

problem asso
iated to the SAT problem [11℄.

The integer linear programming formulation

of MAX{SAT suggests that this problem 
ould

be solved by a bran
h-and-bound method. A

usable method uses Chv�atal 
uts. In [35℄ it is

Davis and Putnam

Satis�ability

Davis, Logemann and Loveland

splitting rule

integer linear programming

bran
h-and-bound
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shown that the resolvents in the propositional


al
ulus 
orrespond to 
ertain 
utting planes

in the integer programming model of inferen
e

problems.

LP relaxations of integer linear program-

ming formulations of MAX{SAT have been

used to obtained upper bounds in [33, 55, 27℄.

A linear programming and rounding approa
h

forMAX 2{SAT is presented in [13℄. A method

for strengthening the Generalized Set Cover-

ing formulation is presented in [47℄, where La-

grangian multipliers guide the generation of 
ut-

ting planes.

The �rst approximation algorithms with

a \guaranteed" quality of approximation [5℄

were proposed by D. S. Johnson [38℄ and use

greedy 
onstru
tion strategies. The original

paper [38℄ demonstrated for both of them a per-

forman
e ratio 1=2. In detail, let k be the mini-

mum number of variables o

urring in any 
lause

of the formula, m(x; y) the number of 
lauses

satis�ed by the feasible solution y on instan
e

x, and m

�

(x) the maximum number of 
lauses

that 
an be satis�ed.

For any integer k � 1, the �rst algorithm

a
hieves a feasible solution y of an instan
e x

su
h that

m(x; y)=m

�

(x) � 1� 1=k + 1:

while the se
ond algorithm obtains

m(x; y)=m

�

(x) � 1� 1=2

k

:

Re
ently it has been proved [12℄ that the se
-

ond algorithm rea
hes a performan
e ratio 2=3.

There are formulae for whi
h the se
ond algo-

rithm �nds a truth assignment su
h that the ra-

tio is 2=3. Therefore this bound 
annot be im-

proved [12℄.

One of the most interesting approa
hes in the

design of new algorithms is the use of random-

ization. During the 
omputation, random bits

are generated and used to in
uen
e the algo-

rithm pro
ess. In many 
ases randomization al-

lows to obtain better (expe
ted) performan
e

or to to simplify the 
onstru
tion of the al-

gorithm. Two randomized algorithms that

a
hieve a performan
e ratio of 3=4. have been

proposed by Goemans and Williamson [27℄ and

by Yannakakis [55℄. Moreover, it is possible

to derandomize these algorithms, that is, to

obtain deterministi
 algorithms that preserve

the same bound 3=4 for every instan
e. The

approximation ratio 3=4 
an be slightly im-

proved [28℄. Asano [2℄ (following [3℄) has im-

proved the bound to :77. For the restri
ted 
ase

of MAX 2{SAT , one 
an obtain a more sub-

stantial improvement (performan
e ratio 0:931)

with the te
hnique of Feige and Goemans [21℄.

If one 
onsiders only satis�able MAX W{SAT

instan
es, Trevisan [54℄ obtains a 0.8 approx-

imation fa
tor, while Karloff and Zwi
k [41℄


laim a 0.875 performan
e ratio for satis�able

instan
es of MAX W{3{SAT . A strong nega-

tive results about the approximability is due to

H�astad [36℄: Unless P = NP MAX W{SAT


annot be approximated in polynomial time

within a performan
e ratio greater than 7=8.

MAX{SAT is among the problems for whi
h

lo
al sear
h has been very su

essful: in pra
-

ti
e, lo
al sear
h and its variations are the


utting planes

LP relaxations
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onstru
tion strategies

randomization
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H�astad

lo
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only eÆ
ient and e�e
tive method to address

large and 
omplex real-world instan
es. Di�er-

ent variations of lo
al sear
h with randomness

te
hniques have been proposed for SAT and

MAX{SAT starting from the late eighties, see

for example [30, 52℄, motivated by previous ap-

pli
ations of \min-
on
i
ts" heuristi
s in the

area of Arti�
ial Intelligen
e [44℄.

The general s
heme is based on generating a

starting point in the set of admissible solution

and trying to improve it through the appli
ation

of basi
 moves. The sear
h spa
e is given by all

possible truth assignments. Let us 
onsider the

elementary 
hanges to the 
urrent assignment

obtained by 
hanging a single truth value. The

de�nitions are as follows.

Let U be the dis
rete sear
h spa
e: U =

f0; 1g

n

, and let f be the number of satis�ed


lauses. In addition, let U

(t)

2 U be the 
urrent


on�guration along the sear
h traje
tory at iter-

ation t, and N(U

(t)

) the neighborhood of point

U

(t)

, obtained by applying a set of basi
 moves

�

i

(1 � i � n), where �

i


omplements the i-th

bit u

i

of the string: �

i

(u

1

; u

2

; :::; u

i

; :::; u

n

) =

(u

1

; u

2

; :::; 1 � u

i

; :::; u

n

).

N(U

(t)

) = fU 2 U s.t. U = �

i

U

(t)

; i = 1; :::; ng

The version of lo
al sear
h (LS) that we


onsider starts from a random initial 
on�gura-

tion U

(0)

2 U and generates a sear
h traje
tory

as follows:

V = Best-Neighbor( N(U

(t)

) ) (1)

U

(t+1)

=

�

V if f(V ) > f(U

(t)

)

U

(t)

if f(V ) � f(U

(t)

)

(2)

where Best-Neighbor sele
ts V 2 N(U

(t)

) with

the best f value and ties are broken randomly. V

in turn be
omes the new 
urrent 
on�guration if

f improves. Other versions are satis�ed with an

improving (or non-worsening) neighbor, not ne
-

essarily the best one. Clearly, lo
al sear
h stops

as soon as the �rst lo
al optimum point is en-


ountered, when no improving moves are avail-

able, see eqn. 2. Let us de�ne as LS

+

a modi�
a-

tion of LS where a spe
i�ed number of iterations

are exe
uted and the 
andidate move obtained

by Best-Neighbor is always a

epted even if the

f value remains equal or worsens.

Properties about the number of 
lauses sat-

is�ed at a lo
al optimum have been demon-

strated. Letm

�

be the best value and k the min-

imum number of literals 
ontained in the prob-

lem 
lauses. Let m

lo


be the number of satis�ed


lauses at a lo
al optimum of any instan
e of

MAX{SAT with at least k literals per 
lause.

m

lo


satis�es the following bound [34℄:

m

lo


� (k=k + 1)m

and the bound is sharp. Therefore, if m

lo


is the

number of satis�ed 
lauses at a lo
al optimum,

then:

m

lo


� (k=k + 1)m

�

(3)

State-of-the-art heuristi
s for MAX{SAT

are obtained by 
omplementing lo
al sear
h with

s
hemes that are 
apable of produ
ing better ap-

proximations beyond the lo
ally optimal points.

In some 
ases, these s
hemes generate a se-

quen
e of points in the set of admissible solu-

tions in a way that is �xed before the sear
h

starts. An example is given by multiple runs

of lo
al sear
h starting from di�erent random

points. The algorithm does not take into a

ount

the history of the previous phase of the sear
h

when the next points are generated. The term

memory-less denotes this la
k of feedba
k from

the sear
h history.

In addition to the 
ited multiple-run lo
al

sear
h, these te
hniques are based on Markov

pro
esses (Simulated Annealing), \plateau"

sear
h traje
tory

lo
al sear
h

lo
al optimum

lo
al optimum

multiple runs

history

memory-less

Simulated Annealing
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sear
h and \random noise" strategies, or 
om-

binations of randomized 
onstru
tions and lo
al

sear
h. The use of a Markov pro
ess to gener-

ate a sto
hasti
 sear
h traje
tory is adopted for

example in [53℄.

The Gsat algorithm was proposed in [52℄ as

a model-�nding pro
edure, i.e., to �nd an inter-

pretation of the variables under whi
h the for-

mula 
omes out true. Gsat 
onsists of multiple

runs of LS

+

, ea
h run 
onsisting of a number of

iterations that is typi
ally proportional to the

problem dimension n. An empiri
al analysis of

Gsat is presented in [25, 24℄. Di�erent \noise"

strategies to es
ape from attra
tion basins are

added to Gsat in [50, 51℄.

A hybrid algorithm that 
ombines a random-

ized greedy 
onstru
tion phase to generate ini-

tial 
andidate solutions, followed be a lo
al im-

provement phase is the Grasp s
heme pro-

posed in [48℄ for the SAT and generalized for

the MAX W{SAT problem in [49℄. Grasp is an

iterative pro
ess, with ea
h iteration 
onsisting

of two phases, a 
onstru
tion phase and a lo
al

sear
h phase.

Di�erent history-sensitive heuristi
s have

been proposed to 
ontinue lo
al sear
h s
hemes

beyond lo
al optimality. These s
hemes aim at

intensifying the sear
h in promising regions and

at diversifying the sear
h into un
harted terri-

tories by using the information 
olle
ted from

the previous phase (the history) of the sear
h.

Be
ause of the internal feedba
k me
hanism,

some algorithm parameters 
an be modi�ed and

tuned in an on-line manner, to re
e
t the 
har-

a
teristi
s of the task to be solved and the lo-


al properties of the 
on�guration spa
e in the

neighborhood of the 
urrent point. This tuning

has to be 
ontrasted with the o�-line tuning of

an algorithm, where some parameters or 
hoi
es

are determined for a given problem in a pre-

liminary phase and they remain �xed when the

algorithm runs on a spe
i�
 instan
e.

Tabu Sear
h ( TS ) is a history-sensitive

heuristi
 proposed by F. Glover [26℄ and, inde-

pendently, by Hansen and Jaumard, that used

the term Samd (\steepest as
ent mildest de-

s
ent") and applied it to the MAX{SAT prob-

lem in [34℄. The main me
hanism by whi
h the

history in
uen
es the sear
h in TS is that, at

a given iteration, some neighbors are prohibited,

only a non-empty subset N

A

(U

(t)

) � N(U

(t)

) of

them is allowed. The general way of generating

the sear
h traje
tory that we 
onsider is given

by:

N

A

(U

(t)

) = Allow(N(U

(t)

); U

(0)

; :::; U

(t)

)(4)

U

(t+1)

= Best-Neighbor( N

A

(U

(t)

) ) (5)

The set-valued fun
tion Allow sele
ts a non-

empty subset of N(U

(t)

) in a manner that de-

pends on the entire previous history of the

sear
h U

(0)

; :::; U

(t)

. A spe
ialized Tabu Sear
h

heuristi
 is used in [37℄ to speed up the sear
h for

a solution (if the problem is satis�able) as part

of a bran
h-and-bound algorithm for SAT ,

that adopts both a relaxation and a de
omposi-

tion s
heme by using polynomial instan
es, i.e.,

2{SAT and Horn- SAT .

Di�erent methods to generate prohibitions

produ
e dis
rete dynami
al systems with quali-

tatively di�erent sear
h traje
tories. In parti
u-

lar, prohibitions based on a list of moves lead to

a faster es
ape from a lo
ally optimal point than

prohibitions based on a list of visited 
on�gura-

tions [6℄. In detail, the Allow fun
tion 
an be

spe
i�ed by introdu
ing a prohibition parame-

ter T (also 
alled list size) that determines how

Gsat

model-�nding

Grasp

history-sensitive heuristi
s

history

Tabu Sear
h

history-sensitive

F. Glover

Hansen and Jaumard

dis
rete dynami
al systems

sear
h traje
tories

prohibition parameter
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long a move will remain prohibited after its exe-


ution. The Fixed-TS algorithm is obtained by

�xing T throughout the sear
h [26℄. A neighbor

is allowed if and only if it is obtained from the


urrent point by applying a move that has not

been used during the last T iterations. In de-

tail, if LU (�) is the last usage time of move �

( LU (�) = �1 at the beginning):

N

A

(U

(t)

) = fU = � U

(t)

s.t. LU (�) < (t�T )g

.

The Rea
tive Tabu Sear
h algorithm of

Battiti and Te

hiolli [10℄, Rea
tive-TS

for short, de�nes simple rules to determine the

prohibition parameter by rea
ting to the repe-

tition of previously-visited 
on�gurations. One

has a repetition if U

(t+R)

= U

(t)

, for R � 1.

The prohibition period T depends on the iter-

ation t and a rea
tion equation is added to the

dynami
al system:

T

(t)

= Rea
t(T

(t�1)

; U

(0)

; :::; U

(t)

)

An algorithm that 
ombines lo
al sear
h

and non-oblivious lo
al sear
h [8℄, the use

of prohibitions, and a rea
tive s
heme to

determine the prohibition parameter is the

Hamming-Rea
tive-TS algorith proposed by

Battiti and Protasi in [7℄, that 
ontains also

a detailed experimental analysis.

Given the hardness of the problem and the

relevan
y for appli
ations in di�erent �elds, the

emphasis on the experimental analysis of

algorithms for the MAX{SAT problem has

been growing in re
ent years.

In some 
ases the experimental 
omparisons

have been exe
uted in the framework of \
hal-

lenges," with support of ele
troni
 
olle
tion and

distribution of software, problem generators and

test instan
es. An example is the the Se
ond

DIMACS Algorithm Implementation Challenge

on Cliques, Coloring and Satis�ability, whose re-

sults have been published in [39℄. Pra
ti
al and

industrial MAX{SAT problems and ben
h-

marks, with signi�
ant 
ase studies are also pre-

sented in [20℄. Some basi
 problem models that

are 
onsidered both in theoreti
al and in exper-

imental studies of MAX{SAT algorithms are

des
ribed in [31℄.

Di�erent algorithms demonstrate a di�erent

degree of e�ort, measured by number of elemen-

tary steps or CPU time, when solving di�er-

ent kinds of instan
es. For example, Mit
hell

et al. [45℄ found that some distributions used

in past experiments are of little interest be-


ause the generated formulae are almost always

very easy to satisfy. They also reported that

one 
an generate very hard instan
es of k-SAT,

for k � 3. In addition, they report the follow-

ing observed behavior for random �xed length

3{SAT formulae: if r is the ratio r of 
lauses

to variables (r = m=n), almost all formulae are

satis�able if r < 4, almost all formulae are un-

satis�able if r > 4:5. A rapid transition seems

to appear for r � 4:2, the same point where the


omputational 
omplexity for solving the gen-

erated instan
es is maximized, see [42, 17℄ for

reviews of experimental results.

Let � be the least real number su
h that, if r

is larger than �, then the probability of C being

satis�able 
onverges to 0 as n tends to in�nity.

A notable result found independently by many

people, in
luding [22℄ and [15℄ is that

� � log

8=7

2 = 5:191

A series of theoreti
al analyses aim at approx-

imating the unsatis�ability threshold of random

formulae [43, 1, 14, 29℄.
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