
Assigning Codes in Wireless Networks:

Bounds and S
aling Properties.

Roberto Battiti

�

, Alan A. Bertossi

�

, and Maurizio A. Bonu

elli

y

Printed in: Wireless Networks , Vol. 5 (1999) pp. 195-209

Abstra
t

In the Code Division Multiple A

ess (CDMA) framework, 
ollisions that 
an o

ur

in wireless networks are eliminated by assigning orthogonal 
odes to stations, a problem

equivalent to that of 
oloring graphs asso
iated to the physi
al network.

In this paper we present new upper and lower bounds for two versions of the problem

(hidden and primary 
ollision avoidan
e { HP-CA { or hidden 
ollision avoidan
e only {

H-CA). In parti
ular, optimal assignments for spe
ial topologies and heuristi
s for general

topologies are proposed. The s
hemes show better average results with respe
t to existing

alternatives. Furthermore, the gaps between the upper bound given by the heuristi
 solu-

tion, the lower bound obtained from the maximum-
lique problem, and the optimal solution

obtained by bran
h & bound are investigated in the di�erent settings.

A s
aling law is then proposed to explain the relations between the number of 
odes

needed in Eu
lidean networks with di�erent station densities and 
onne
tion distan
es. The

substantial di�eren
e between the two versions HP-CA and H-CA of the problem is investi-

gated by studying the probabilisti
 distribution of 
onne
tions as a fun
tion of the distan
e,

and the asymptoti
 size of the maximum 
liques.

1 Introdu
tion

Wireless Networks (WN) were �rst demonstrated in 1969 at the University of Hawaii [1℄ and sin
e

then have greatly in
reased their presen
e and importan
e in the 
omputer network s
enario.

In a WN, di�erent 
omputers are linked by radio frequen
ies and therefore equipped with radio

transmitters and re
eivers to broad
ast outgoing pa
kets and to listen to in
oming ones. One

often deals with multihop networks, where the 
ommuni
ation between two nodes not dire
tly


onne
ted happens by having pa
kets re
eived and later retransmitted by intermediate stations

before rea
hing their �nal destination, with a \store and forward" s
heme.

Un
onstrained transmission in broad
ast media may lead to the time overlap of two or more

pa
ket re
eptions, 
alled 
ollision, resulting in damaged useless pa
kets at the destination and

therefore in in
reased delays and bandwidth usage 
aused by retransmissions. Collisions 
an be

dire
t (or primary), when they are due to the transmission of stations whi
h 
an hear ea
h other,

and hidden (or se
ondary), when stations outside the hearing range of ea
h other transmit to

the same re
eiving stations.
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CDMA proto
ols (
ode division multiple a

ess) 
an be used to totally avoid 
ollisions [16,

17, 9℄, by the use of spread spe
trum 
ommuni
ation te
hniques and by the proper assignment

of orthogonal 
odes. CDMA proto
ols require that either transmitters or re
eivers are 
ode-

agile, i.e., able to 
ommuni
ate over a multitude of 
odes. These 
odes share the �xed 
hannel


apa
ity allo
ated to the network in the design stage. Thus, their number must not ex
eed a

given bound, and their use has to be minimized.

In this paper, we investigate the problem of minimizing the 
odes needed to eliminate pri-

mary and/or hidden 
ollisions in a Wireless Network with transmitter-oriented 
ode assignment

(TOCA) proto
ols [14, 11℄, where the transmitters are 
ode-agile. In [14, 8℄ the problem is intro-

du
ed and some two-hops assignments for regular networks and heuristi
s for general network

topologies are proposed. The investigation of this paper builds upon the work in [4℄, where the

problem is investigated from a graph-theoreti
 point of view, optimal algorithms for additional

spe
ial network topologies, and fast suboptimal heuristi
 algorithms for general topologies are

proposed and experimentally evaluated.

In order to highlight the important di�eren
es between the two versions of the problem

(avoidan
e of only hidden, or both hidden and primary 
ollisions) and the e�e
ts 
aused by

the two-dimensional 
onne
tivity pattern, a simpli�ed version of the \real-world" problem is


onsidered, where stations are distributed randomly on a square, and 
onne
ted if and only if

their Eu
lidean distan
e is less than a �xed radius. While we are not 
laiming an immediate

transfer of our results to 
omplex real-world topologies, we argue that some qualitative di�er-

en
es in the problem solution and the derived s
aling laws will be re
ognizable also in pra
ti
al

appli
ations. In addition, the bounds given in the paper permit a performan
e evaluation of

di�erent 
ode-assignment te
hniques in di�erent 
ontexts.

The paper is organized in the following parts. In Se
. 2 the problem is formulated and

some relevant existing algorithms are summarized. In Se
. 3 new optimal 
ode assignments

for spe
ial topologies are presented. In Se
. 5 a new heuristi
 algorithm for general topologies

is introdu
ed and used to derive upper bounds. In addition, the gaps between these values,

the maximum 
liques lower bounds (Se
. 5.2), and the exa
t bran
h & bound solutions are

investigated (Se
. 5.3). The spatial 
onne
tivity patterns, the s
aling laws, and the notable

di�eren
es between the two versions H-CA and HP-CA of the problem are further investigated

in Se
. 6.

2 Formulation and previous results

Let us now des
ribe how the physi
al network is mapped to an asso
iated graph, so that the 
ol-

lision avoidan
e problem be
omes equivalent to a graph 
oloring problem, and let us summarize

some existing results that are relevant for the following dis
ussion.

2.1 Problem Formulation

A WN 
an be modeled as an undire
ted graph G

WN

= (V;E), where the set of verti
es (or

nodes) V = f1; :::; ng represents the set of stations, and the set of edges E the 
ommon 
hannel

property between pairs of stations. More pre
isely, there is a one-to-one mapping of the stations

onto the verti
es in V , and two verti
es i and j in V are joined by an undire
ted edge (i; j) 2 E

if and only if their 
orresponding stations 
an hear ea
h other transmission. In su
h a 
ase,

the verti
es (or, equivalently, the stations) are 
alled physi
ally adja
ent. Thus, the graph G

WN

represents the physi
al network topology. A path between the verti
es i and j is a sequen
e

i = v

1

; v

2

; :::; v

h

= j of verti
es su
h that [v

k

; v

k

+1℄ 2 E for k = 1; 2; :::; h�1; its length is h�1,
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namely the number of edges appearing in it. The distan
e d

ij

between two verti
es i and j of

G

WN

is the length of the shortest path between i and j; it equals the minimum number of hops

that a pa
ket must undergo in a 
ommuni
ation between stations i and j.

Two verti
es (stations) i and j 
an generate a primary 
ollision if and only if d

ij

= 1, a

hidden 
ollision if and only if they are two hops away, namely, when d

ij

= 2.

Now, the 
ollisions 
an be eliminated if i and j transmit on di�erent orthogonal 
odes and,

after equating 
odes with 
olors, the problems 
an be mapped to 
oloring problems on the

asso
iated graphs G

HP

and G

H

obtained as follows. The vertex set V of the two graphs is given

by the set of stations, while the edges di�er in the two 
ases:

� Problem H-CA (Hidden Collision Avoidan
e)

Assign 
odes to verti
es in V so that every pair of verti
es at distan
e two is assigned a


ouple of di�erent 
odes and the minimum number of di�erent 
odes is used.

The asso
iated graph is G

H

= (V;E

H

), where;

(i; j) 2 E

H

i� d

ij

= 2

where d is the distan
e in the physi
al graph G

WN

� Problem HP-CA (Hidden and Primary Collision Avoidan
e)

Assign 
odes to verti
es in V so that every pair of verti
es at distan
e one or two is assigned

a 
ouple of di�erent 
odes and the minimum number of di�erent 
odes is used.

The asso
iated graph is G

HP

= (V;E

HP

), where;

(i; j) 2 E

HP

i� d

ij

� 2

where d is the distan
e in the physi
al graph G

WN

In the following, N

G

(i) will denote the neighborhood of node i in graph G, where j 2 N

G

(i)

i� (i; j) 2 E

G

, the set of edges in graph G.

2.2 Previous results

Let us brie
y summarize some algorithms that are relevant for the 
urrent study. The fo
us of

this paper is on bounds and therefore the distributed and dynami
 realization of the algorithms

is not dis
ussed (see [8℄ for a study of these issues). Let us note that the number of 
odes

assigned does not depend on the 
entralized or distributed implementation of the algorithm and

therefore the 
entralized version 
an be used for studying the relative performan
e of di�erent

algorithms, when the number of used 
odes is 
onsidered.

Be
ause the problem of �nding the optimal 
ode assignment is 
omputationally intra
table

[8, 4℄, the proposed heuristi
s generate qui
kly (in polynomial time) 
ode assignments whi
h

eliminate 
ollisions but do not use the minimum number of 
odes. The extreme simpli
ity of

the heuristi
s, however, makes them attra
tive for a
tual utilization.

The time-slot assignment problem (shown to be equivalent to the frequen
y assignment

problem in [6℄) is formulated as a graph 
oloring problem in [7℄ and solved through a distributed

algorithm in [8℄. The 
entralized version of the Chlamta
 & Pinter algorithm (denoted as

CP-Code-Assignment ) is a 
oloring pro
edure, where nodes are examined in de
reasing order

of their identi�ers (ID) and a given node i is assigned the smallest 
ode not already assigned

to nodes in its neighborhood in the asso
iated graph. [8℄ 
onsiders the HP-CA version of the
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problem so that the asso
iated graph is G

HP

, but a similar algorithm 
an 
learly be used also

for the H-CA problem.

If the node ID's are attributed without any relation to the network 
hara
teristi
s, the results

of this pro
edure are analogous to those obtained through a random 
hoi
e of the next node to

be 
olored at ea
h step.

Without loss of generality, let us assume that the ID's are sele
ted from 1; :::; n and, for

a simpler 
omparison with the following algorithms, let the nodes be 
onsidered in in
reasing

order of their ID's. Let us denote as 
ode[i℄ the 
ode assigned to node i.

CP-Code-Assignment

1

2

3


ode[1℄ 1

for ID  2 to n do


ode[ID℄ Smallest-Not-Assigned-In ( N(ID) )

Figure 1: The CP-Code-Assignment algorithm

N(ID) is the neighborhood in the appropriate asso
iated graph (in the terminology of [8℄ for

the HP-CA problem, the term lo
ality is used for N(ID)). The Smallest-Not-Assigned-In

routine 
an be realized as illustrated in Fig. 2. Assigned [i℄ is a boolean variable, false at the

beginning of the 
ode-assignment algorithm, that is set to true as soon as node i is assigned a


ode.

Smallest-Not-Assigned-In ( N )

1

2

3

4

5

6

7

f N is a set of nodes , the fun
tion returns a valid 
ode g

AssignedCodeSet ;

for ea
h j 2N do

if Assigned [j℄ then AssignedCodeSet AssignedCodeSet [ 
ode[j℄

k  1

while k 2 AssignedCodeSet do

k  k + 1

return k

Figure 2: The Smallest-Not-Assigned-In routine

Simple 
entralized and distributed heuristi
 algorithms for the H-CA problem in general

network topologies are proposed in [4℄, that investigates di�erent ordering s
hemes of the nodes:

random ordering, in
reasing or de
reasing number of neighbors in the asso
iated graph G

H

or

G

HP

, and in
reasing or de
reasing number of neighbors in the physi
al graph G

WN

.

Let the n stations be named with ID's belonging to 1; 2; :::; n, a

ording to any spe
i�ed


riterion. Moreover, let NS(i) be the set of neighboring stations j in the asso
iated graph with

index smaller than i. Depending on the two possible versions of the problem, the asso
iated

graph is G

H

or G

HP

.

In a similar way as in the CP-Code-Assignment algorithm, stations are 
onsidered se-

quentially. Station i is assigned the lowest 
ode not assigned in NS(i). The algorithm 
an be

des
ribed in pseudo-language as follows:

When the set NS(i) is properly implemented, e.g. by means of a boolean array, the overall

running time is O(n

2

). From the experiments in [4℄, the best ordering 
riterion is based on

de
reasing degree in the asso
iated graph (
alled \D2 de
reasing" in [4℄). The explanation for
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BB-Code-Assignment

1

2

3

4

Order the nodes a

ording to the sele
ted 
riterion


ode[1℄ 1

for i 2 to n do


ode[i℄ Smallest-Not-Assigned-In ( NS(i) )

Figure 3: The 
entralized version of the BB-Code-Assignment algorithm

the su

ess of this 
hoi
e is that nodes with higher degree tend to be more 
onstrained in their


hoi
e of 
olors if they are 
olored in su

essive steps (be
ause of the large neighborhood), with

the danger that the number of used 
olors needs to be in
reased.

3 Optimal algorithms for spe
ial topologies

In this se
tion, new optimal algorithms for 
ode assignment in spe
ial networks are presented.

The role of maximum 
lique lower bounds is apparent in these regular topologies.

Let G = (V;E) be an arbitrary undire
ted graph and G(S) = (S;E \ S � S) the subgraph

indu
ed by S, where S is a subset of V . A graph G = (V;E) is 
omplete if all its verti
es are

pairwise adja
ent, i.e. 8i; j 2 V; (i; j) 2 E. A 
lique K is a subset of V su
h that G(K) is


omplete. A 
lique of size k in the asso
iated graph G

H

or G

HP

implies that at least k di�erent


odes have to be used for the given problem. In other words, the size of the maximum 
lique is

a lower bound for the 
ode assignment problem, as noted by Makansi [14℄.

This result allows optimal 
ode assignments for some spe
ial kinds of regular network topolo-

gies to be derived for the H-CA problem. In parti
ular, optimal assignments are proposed in

[14℄ for busses, hexagonal, and grid topologies, and in [4℄ for rings and trees.

Let us now present optimal 
ode assignments for the HP-CA problem. As in [14℄, a basi



ell of the physi
al graph G

WN

is identi�ed for ea
h spe
ial topology su
h that the 
omplete


ode assignment 
an be obtained by repli
ating the 
ode assignment for the basi
 
ell.

Figures 4, 5, 6, and 7 show the basi
 
ells and the 
orresponding 
ode assignments for the

bus and ring, grid, hexagonal grid, and hexagonal mesh. For all topologies apart from the ring,

the number of 
odes used is equal to the maximum 
lique lower bound in the asso
iated graph

G

HP

. Moreover, it is easy to see that in these 
ases the size of the maximum 
lique in G

HP

is

equal to one plus the maximum node degree of G

WN

. The relevan
e and e�e
tiveness of using

maximum 
lique sizes for lower-bounding the number of 
odes will be 
on�rmed in the analysis

of the HP-CA problem in general topologies, shown in the next se
tions.

For the ring topology, the optimal 
ode assignments are slightly more tri
ky be
ause they

depend on the number n of nodes. If n is a multiple of 3, the assignment is the same as that for

the bus. Otherwise, an additional 
ode is needed ex
ept for the parti
ular 
ase of n = 5, when

5 
odes are ne
essary be
ause the asso
iated network is 
ompletely 
onne
ted. In a similar way,

di�erent spe
ial 
ases are present for the multiring topology, depending on the number of nodes

and the degree of the nodes. The extension to the multiring topology is straightforward and

omitted for brevity.
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Basic Cell

Code Assignment by Cell Replication for the Bus

n = 5 n = 3 m + 2 > 5

Basic Cell

Code Assignment by Cell Replication for the Bus

Code Assignment for the Ring

n = 3 m n = 3 m + 1

Figure 4: Optimal 
ode assignment for the bus and ring networks.

Basic Cell

Figure 5: Optimal 
ode assignment for the grid network.
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Basic Cell

Figure 6: Optimal 
ode assignment for the hexagonal grid network.

Basic Cell

Figure 7: Optimal 
ode assignment for the hexagonal mesh network.
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4 Ben
hmark instan
es and results of BB-Code-Assignment

The 
urrent mathemati
al tools available for an average algorithm performan
e evaluation 
an

be employed only for very simple and regular network topologies. Thus, the performan
e of

di�erent algorithms is assessed through the statisti
al analysis of simulation experiments.

The algorithms are run on �nite random networks with varying 
onne
tivity patterns and

number of stations. We 
onsider n station Eu
lidean networks, with n = 20, 50, 100, and

200. The positions of the stations is given by n randomly generated points in the unit square

[0; 1℄� [0; 1℄. Ea
h point is generated as a pair of random real numbers in the range [0; 1℄, whi
h


orrespond to its Cartesian 
oordinates. For a given set of n points, the edges in the physi
al

network G

WN

are given by all pairs of points whose Eu
lidean distan
e is not larger than r

(hen
eforth 
alled \radius"). Several values of r are 
onsidered, namely 0.05, 0.10, 0.15, 0.2, 0.4,

0.6, and 0.8. From the physi
al network one then 
onstru
ts the asso
iated graph, in
luding the


orresponding neighborhoods.

For ea
h value of n and r, 100 networks are generated, and the di�erent algorithms are run.

The average results obtained on this ben
hmark by the BB-Code-Assignment algorithm

with the best ordering (D2 de
reasing) are reported in Fig. 8 for ea
h pair of n and r. The

results for the two variants of the problem H-CA and HP-CA are shown in the top and bottom

graphs, respe
tively. The standard deviation � has been derived from the 100 tests and standard

error bars equal to �=

p

100, are reported on the �gures. Be
ause of the small statisti
al errors

on the measured average values, the bars are hardly visible on some graphs.

5 Saturation degree 
ode assignment

In this se
tion new and better performing heuristi
s are proposed for the 
ode assignment prob-

lem in general topologies, and used to obtain upper bounds on the number of 
odes needed.

Let MaxCodes be the maximum number of 
odes available. The basi
 design prin
iples of the

\saturation degree" 
oloring heuristi
 proposed by [5℄ is that the �rst nodes to be 
olored are

those that have more 
olors already assigned to nodes in the neighborhood. The motivation is

that these nodes have a more 
onstrained 
hoi
e and therefore a higher risk that all MaxCodes


olors will be present in the neighborhood in future steps, unless they are 
olored immediately.

The heuristi
 is used in [5℄ to 
hoose the next bran
hing node in the bran
h & bound algorithm

DSATUR. Korman [13℄ re
ommended 
hoosing a node with highest degree in the un
olored

subgraph and Kubale and Ja
kowski [12℄ validate the 
hoi
e in their experiments.

5.1 The saturation degree heuristi


The Saturation-Degree-Code-Assignment algorithm is illustrated in Fig 9. Let us de-

note as N(i) the set of neighbors of node i in the asso
iated graph (either G

H

or G

HP

,

depending on the problem). As usual, 
ode[i℄ is the 
ode assigned to node i, and the set

ToBeAssigned 
ontains the yet-unassigned nodes. In addition, to ea
h node i one asso
iates

a set NeighCodes[i℄ 
ontaining the 
odes already assigned to nodes in the neighborhood, and

an integer NAssignedNeighbors[i℄ given by the number of neighbors that have been assigned


odes. At ea
h iteration, the node v

�

that is assigned a 
ode is one with the largest number

of 
odes already assigned in the neighborhood (lines 7{13). Ties between nodes are broken by

preferring the nodes with the largest number of assigned neighbors (lines 14{15 ).

As soon as a 
ode is assigned to node v

�

, all un
olored neighbors j must in
rease by one the

number of 
olored neighborsNAssignedNeighbors[j℄ (line 19) and update the set of neighboring
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Figure 8: Bertossi - Bonu

elli (D2 de
reasing). Problems H-CA (above) and HP-CA (below).
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Saturation-Degree-Code-Assignment

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

Order nodes a

ording to de
reasing degree in asso
iated graph

ToBeAssigned f1; 2; :::; ng

for i 1 to n do

�

NAssignedNeighbors[i℄ 0

NeighCodes[i℄ ;

while ToBeAssigned 6= ; do

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

MaxNeighCodes �1

MaxAssignedNeigbors �1

for ea
h i 2 ToBeAssigned do

2

6

6

6

6

6

6

4

if jNeighCodes[i℄j > MaxNeighCodes then

2

4

MaxNeighCodes jNeighCodes[i℄j

MaxAssignedNeigbors NAssignedNeighbors[i℄

v

�

 i

else if jNeighCodes[i℄j =MaxNeighCodes then

if NAssignedNeighbors[i℄ > MaxAssignedNeigbors then v

�

 i


ode[v

�

℄ lowest 
ode not in NeighCodes[i℄

ToBeAssigned ToBeAssigned n fv

�

g

for ea
h j 2 N(v

�

) \ ToBeAssigned do

�

NAssignedNeighbors[j℄  NAssignedNeighbors[j℄ + 1

NeighCodes[j℄  NeighCodes[j℄ [ 
ode[v

�

℄

Figure 9: The Saturation-Degree-Code-Assignment algorithm


odes NeighCodes[j℄ (line 20).

With a proper implementation of the sets, the worst-
ase 
omputational 
omplexity of the

above algorithm is O(n

2

).

The results obtained for the H-CA and HP-CA problems when the nodes are ordered a
-


ording to de
reasing degree in the asso
iated graphs are illustrated in Fig. 10. If these results

are 
ompared with those obtained by the BB-Code-Assignment algorithm in Fig 8, a sizable

redu
tion in the average number of 
odes used 
an be observed for the H-CA problem (e.g., for

the n=200 instan
es the redu
tion is of 10.5% for r=0.1, 15.6% for r=0.2 and r= 0.4, 25.6% for

r=0.6, 8.6% for r=0.8).

On the 
ontrary, no appre
iable redu
tion is obtained on the HP-CA problem: the average

variation between the number of 
odes needed by Saturation-Degree-Code-Assignment

and those needed by BB-Code-Assignment is always less than 1%. This result indi
ates a

radi
al di�eren
e between the two versions HP-CA and H-CA of the 
ode assignment problem,

a di�eren
e that will be examined from di�erent viewpoints in the following se
tions.

5.2 Maximum-
lique lower bound

In the previous subse
tion the algorithm Saturation-Degree-Code-Assignment has been

shown to perform better than BB-Code-Assignment , on the average. In addition to relative


omparisons it is now of interest to 
ompare its performan
e with lower bounds and, when

possible, with the globally optimal solutions of the di�erent instan
es.

The Maximum Clique (MC) problem asks for a 
lique of maximum 
ardinality. As noted in

Se
. 3, the size of the maximum 
lique in the asso
iated graph G

H

or G

HP

is a lower bound for

the 
ode assignment problem.

MC is an NP-hard problem, furthermore strong negative results have been shown about
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Figure 10: Saturation degree (D2 de
reasing). Problems H-CA (above) and HP-CA (below).
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its approximation properties. In parti
ular, if P 6= NP , no polynomial time algorithm 
an

approximate the Maximum Clique problem within a fa
tor n

1

4

��

, where n is the number of

nodes of the graph [3℄.

These theoreti
al results stimulated a resear
h e�ort to design eÆ
ient heuristi
s for this

problem [10℄. In parti
ular, a new rea
tive heuristi
 for the Maximum Clique problem has

been proposed in [2℄: Rea
tive Lo
al Sear
h (RLS ). RLS 
omplements lo
al-neighborhood-

sear
h with prohibition-based diversi�
ation te
hniques, where the amount of diversi�
ation is

determined in an automated way through a feedba
k s
heme. RLS provides a signi�
antly better

performan
e than all 
ompetitive heuristi
s presented at the se
ond DIMACS implementation


hallenge [10℄, 
onsidering both the obtained 
lique sizes and the CPU times utilized.

Let us now study how the performan
e of Saturation-Degree-Code-Assignment 
om-

pares with respe
t to the lower bound given by the size of the maximum 
lique in the asso
iated

graph. The average results obtained by the RLS algorithm on the H-CA and HP-CA prob-

lems are illustrated in Fig. 11. If the results of Saturation-Degree-Code-Assignment (see

Fig. 10) are 
ompared with the maximum-
lique lower bound, a relative gap of 30-40% 
an be

observed for the H-CA problem, espe
ially for instan
es with large n and small r, see for example

the instan
es with n = 200, r = 0:2. In addition, no 
lique with a size larger than �ve has been

observed in all tests: it appears that only small 
liques (with up to �ve nodes) are present in

the asso
iated graph G

H

. For ea
h 
ouple of n and r values the frequen
y with whi
h a larger


lique is generated (if it 
an be generated) appears to be less than about 1%.

The results are very di�erent for the HP-CA problem, where the saturation degree algorithm

performs almost in an optimal way. In this 
ase the lower bound obtained by �nding the

maximum 
lique 
orresponds exa
tly to the number of 
olors found by the used heuristi
, in

most of the 
ases. In fa
t, the average values obtained in the two 
ases are hardly distinguishable

(and the di�eren
e is always less than 1%).

Given a graph, if 
ol is the number of 
olors found by the saturation degree algorithm, 
ol

best

is the minimum number of 
olors, 
lique

best

is the size of the maximum 
lique, and 
lique is the

size of the 
lique found by RLS , the following inequality is always valid:


ol � 
ol

best

� 
lique

best

� 
lique

Now, if 
lique is equal to 
ol, all values are equal and, in parti
ular, 
lique

best

is equal to


lique and 
ol

best

is equal to 
ol: the heuristi
s �nd the optimal value.

Four impli
ations 
an be derived for HP-CA:

� i) the algorithm RLS �nds the optimal 
lique size in most 
ases;

� ii) the minimum number of di�erent 
odes required for problem HP-CA tends to 
oin
ide

with the size of the maximum 
lique, a result that agrees with those of Se
. 3;

� iii) simple algorithms like BB-Code-Assignment , provided that the \D2 de
reasing" or-

dering is used, a
hieve results that are statisti
ally undistinguishable from those of smarter

heuristi
s like Saturation-Degree-Code-Assignment ;

� iv) the minimum number of 
odes or a very 
lose approximation thereof 
an be found in

a polynomial number of iterations and, furthermore, in very small CPU times.
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Figure 11: Maximum 
lique lower bound. Problems H-CA (above) and HP-CA (below)
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5.3 Comparison with exa
t bran
h & bound

The 
oloring problems asso
iated to the H-CA and HP-CA instan
es have been solved by using a

bran
h and bound algorithm similar to DSATUR [5℄. The C 
ode 
orresponding to the algorithm

has been obtained from M. A. Tri
k

1

, implementation details are des
ribed in [15℄. DSATUR

works by dividing an instan
e into a series of subproblems, given by partial 
olorings of the

graph. At ea
h step an upper bound UB is available on the number of 
olors required. If a

subproblem uses k 
olors, and k is at least UB, the subproblem 
an be fathomed. Otherwise, if

every node in the graph is 
olored, and k < UB, then a better 
oloring has been found and UB

is set to k. If the graph is not 
ompletely 
olored, and the 
urrent number of 
olors used is less

than UB, new subproblems are 
reated after 
hoosing a node i for bran
hing. For ea
h feasible


olor for i (out of the k used in the subproblem), a new subproblem is 
reated by assigning

that 
olor to i. In addition, a subproblem is 
reated with i assigned 
olor k+ 1. The algorithm

terminates when no subproblems are left: UB then gives the 
oloring number of the graph. The

rules for pi
king a bran
hing node have already been des
ribed in Se
. 5.

The results are illustrated in Fig. 12. For the H-CA problem, the unreliability of the max-

imum 
lique size as a tight lower-bounding measure is 
on�rmed: for example, the relative

distan
e between the lower bound and the optimal solution is of about 40% for the n = 200,

r = 0:2; 0:4 instan
es. On the other hand, the relative performan
e gap between the bran
h &

bound globally optimal solution and the Saturation-Degree-Code-Assignment heuristi


on the H-CA problem is not large: 
lose approximations are found. As an example, the larger

gaps for the n = 200, r = 0:2; 0:4 instan
es range between 13% and 18%. In absolute terms, the

largest gaps are of about one additional 
ode. Considering the enormous di�eren
e in 
omput-

ing times (se
onds versus hours), the Saturation-Degree-Code-Assignment heuristi
 is

therefore suggested as a pra
ti
al heuristi
 with a limited average performan
e loss. Let us note

that n = 200 is 
lose to the largest problem size that 
an be solved by bran
h & bound, in fa
t

some problems had to be stopped after 24 hours of 
omputing on a state-of-the-art workstation

(and these suboptimal results are not in
luded in the given averages).

The results for the HP-CA problem are 
ompletely di�erent. As predi
ted by the 
loseness

between the maximum 
lique lower bound and the solution provided by the di�erent heuristi
s

(for example Saturation-Degree-Code-Assignment ), the bran
h & bound solution tends

to require the same number of 
odes as those of the heuristi
 (the di�eren
e is always less then

1%).

6 Explaining the di�eren
e between HP-CA and H-CA

The di�eren
es between the HP-CA and H-CA versions of the 
ode assignment problem are now

investigated in more detail, by studying the spatial distribution of 
onne
tions and the expe
ted

size of the 
liques in the graphs. A s
aling law is then identi�ed to relate 
hara
teristi
s of

instan
es with di�erent n and r values.

6.1 Spatial distribution of 
onne
tions

Be
ause of the de�nition of the physi
al graphs, the 
onne
tions in the asso
iated graphs for the

H-CA and HP-CA problems are lo
alized in an Eu
lidean neighborhood of a given station. In

parti
ular, no 
onne
tion is present in the asso
iated graphs if the Eu
lidean distan
e between

two stations is larger than 2 r. Let us now study in detail the spatial 
onne
tion density for

1

Available on the World Wide Web at http:/ /mat.gsia.
mu.edu/COLOR/solvers/tri
k.
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t bran
h & bound algorithm. Problems H-CA (above) and

HP-CA (below)
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x= sqrt(4 r^2 -h^2)/2
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h
r

Figure 13: H-CA: 
al
ulating the probability of a two-hop 
onne
tion as a fun
tion of h, with

r < h � 2 r.

a given node as a fun
tion of the Eu
lidean distan
e of the 
onne
ted stations. To simplify

matters, let us negle
t \border e�e
ts" and let us assume that the station is suÆ
iently far from

the borders of the [0; 1℄� [0; 1℄ square, or that r is suÆ
iently small, so that the 
ir
le of radius

2r 
entered at the station is 
ompletely 
ontained in the square.

H-CA

Let us de�ne as p

H

(a; 
jh) the probability that two stations a and 
 are 
onne
ted in G

H

, given

that their distan
e is h, i.e., the probability that they are not physi
ally 
onne
ted and that

there is a third station b that is physi
ally 
onne
ted to both. Immediately one derives that

r < h � 2r, otherwise either the stations are dire
tly 
onne
ted or they 
annot be two-hops


onne
ted.

The probability p

H

(a; 
jh) is derived in steps.

First, the probability p

b

that a point b thrown onto the square with uniform probability

a
hieves the required two-hops 
onne
tion is equal to the shaded area in Fig. 13 (left), that is:

p

b

= 4

Z

p

4r

2

�h

2

=2

0

(�

h

2

+

p

r

2

� x

2

)dx (1)

=

�

�

h

p

�h

2

+ 4 r

2

�

2

+ 2 r

2

ar
tan(

p

�h

2

+ 4 r

2

h

) (2)

= 2 r

2

0

�

ar
tan

0

�

s

�

2r

h

�

2

� 1

1

A

�

�

h

2r

�

2

s

�

2r

h

�

2

� 1

1

A

(3)

Let us now 
onsider n uniformly distributed points (in the assumption that n is large the

di�eren
e between n and n� 2 is negligible). The probability p

H

(a; 
jh) is the probability that

at least one among the n points falls in the shaded area, i.e., one minus the probability that all

points are not in the region:

p

H

(a; 
jh) = 1� (1� p

b

)

n

� np

b

(4)

� n 2 r

2

0

�

ar
tan

0

�

s

�

2r

h

�

2

� 1

1

A

�

�

h

2r

�

2

s

�

2r

h

�

2

� 1

1

A

(5)
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where the last approximation is valid when n p

b

<< 1. If n p

b

is not mu
h smaller than one,

the approximation is 
oarse and the original expression 1 � (1 � p

b

)

n

has to be used. The

above equation holds for h su
h that r < h � 2 r, the probability is zero otherwise. To obtain

the 
onne
tion probability density as a fun
tion of the distan
e h, the above quantity must be

multiplied by n2�h (on the average, n2�h dh points fall in a strip at distan
e between h and

h+ dh).

Finally, after integrating between r and 2r one obtains the expe
ted number of two-hops


onne
tions E

H

:

E

H

=

Z

2r

r

n 2 � h p

H

(a; 
jh) dh (6)

�

Z

2r

r

n

2

2 � h 2 r

2

0

�

ar
tan

0

�

s

�

2r

h

�

2

� 1

1

A

�

�

h

2r

�

2

s

�

2r

h

�

2

� 1

1

A

dh (7)

� 16 � (n r

2

)

2

Z

1

1

2

x

 

ar
tan

 

r

1

x

2

� 1

!

� x

2

 

r

1

x

2

� 1

!!

dx (8)

�

3

p

3

4

� (n r

2

)

2

(9)

Clearly, this quantity is equal to the expe
ted degree of a node in G

H

that is lo
ated in the

interior of the square. If the assumptions adopted in the approximation of eqn. 4 are not valid,

one 
ould avoid the approximation and, for example, �nd an approximate value for the integral

with standard numeri
al integration pa
kages.

HP-CA

The probability p

HP

(a; 
jh) 
an be easily obtained from the previous 
ase. It is suÆ
ient to


onsider that, if 0 � h � r, the points a and 
 are dire
tly 
onne
ted, while if r < h � 2 r one

has p

HP

(a; 
jh) = p

H

(a; 
jh). Therefore one has:

p

HP

(a; 
jh) =

8

>

>

<

>

>

:

1 if 0 � h � r

� n 2 r

2

�

ar
tan

�

q

�

2r

h

�

2

� 1

�

�

�

h

2r

�

2

q

�

2r

h

�

2

� 1

�

if r < h � 2r

(10)

where the approximation is that already used in eqn. 5.

After integrating n 2 � h p

HP

(a; 
jh) between 0 and 2 r, one obtains that the expe
ted

degree E

HP

of a node in G

HP

is:

E

HP

=

Z

2r

0

n 2 � h p

HP

(a; 
jh) dh (11)

� � n r

2

+

3

p

3

4

� (n r

2

)

2

(12)

In both versions of the problem the expe
ted degree is a fun
tion of the quantity n r

2

, in

parti
ular, a quadrati
 dependen
e in the above quantity is present in E

H

, while a linear and a

quadrati
 term are present in E

HP

. Now, there is a simple physi
al interpretation of the above

dependen
e. The number of physi
al neighbors of a station is equal to n � r

2

, on the average.
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In other words, the above results tell us that the degree in the asso
iated graph is a fun
tion

of the number of physi
al neighbors. In addition, the detailed fun
tional dependen
e provides

us with s
aling laws. As an example, if both the number of stations n and the radius r 
hange

in su
h a way that the above produ
t is un
hanged: n r

2

= n

0

r

02

, the average 
onne
tivity

pattern does not 
hange, and therefore other related quantities like the number of 
odes needed

does not 
hange, on the average. This theoreti
al predi
tion is tested experimentally in Se
. 6.3.
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Figure 14: Conne
tion probability density for HP-CA, 0 < h � 2 r, see text for details.

The 
onne
tion probability density for the HP-CA problem as a fun
tion of h is shown in

Fig. 14, for r = 0:1 and for values of n equal to 20, 50, and 100. The probability density

is equal to n 2 � h p

HP

(a; 
jh), and the exa
t equation (not the approximation) is used to


al
ulate the p

HP

(a; 
jh) values for the plot. It in
reases linearly for small h, then de
reases

with a dis
ontinuity when h be
omes larger than r, and therefore the asso
iated edges derive

only from two-hops 
onne
tions. The probability 
urves for H-CA 
an be easily derived: they

are stu
k at zero for 0 � h � r and they jump to the HP-CA values as soon as points 
an be


onne
ted by two hops (without being dire
tly 
onne
ted).

6.2 Expe
ted 
lique sizes

H-CA

The experimental results obtained in Se
. 5.2 (see Fig. 11, top) showed that the maximum 
lique

size for the graphs asso
iated to the H-CA problem tends to be very small. Apparently, no 
lique

with a size larger than 5 was observed in all tests. In this se
tion we show how the empiri
al

�ndings are related to the geometri
al stru
ture of the problem.

A �rst result is that ea
h 
lique in the G

H

problem 
ontains points that 
an always be

in
luded in a 
ir
le of radius 2 r in the Eu
lidean spa
e. This is immediately established: let

us take a point x belonging to the 
lique. All points whose Eu
lidean distan
e from x is larger

than 2 r 
annot be two-hops 
onne
ted, and therefore they are not 
onne
ted to it in G

H

. In
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xxx
2 r2 r

Figure 15: H-CA: limited size of maximum 
liques: limit 
ase.

order for two points to be 
onne
ted in graph G

H

they must be at distan
e larger than r and

less than or equal to 2r. Vi
e versa, if two points satisfy the above requirement, they 
an be

two-hops 
onne
ted through a point pla
ed in the middle of the segment 
onne
ting the two

points.

The situation is depi
ted in Fig. 15. The �rst image shows the admissible 
ir
ular region (in

white 
olor) where the additional 
lique points 
an be pla
ed. As soon as an additional point y

is pla
ed in the admissible region, the region is redu
ed (all points in a 
ir
le of radius r around

y and all points at distan
e larger than 2r from y are not admissible anymore. Therefore, after

two { three points are pla
ed, the probability that an additional point falls in the admissible

region be
omes very small and this explains why the largest 
lique observed in the tests has a

small size (�ve).

A limit 
ase is shown in Fig. 15. If one tries to pla
e nodes on the border, the biggest polygon

that 
an be ins
ribed in the 
ir
le with side bigger that r is a pentagon (the side of a pentagon is

approximately equal to 1:17 r). A
tually, the verti
es have to be pla
ed on a 
ir
le of radius r+�


entered on x, where epsilon > 0 is suÆ
iently small so that the side of the pentagon remains

less than r and the maximum distan
e between two verti
es of the pentagon remains less than

or equal to 2r. The obtained 
lique 
onsisting of the 
entral point x and the vertex points has

a size of six. All points are not dire
tly 
onne
ted, while they are two-hops 
onne
ted through

additional points in the middle of ea
h segment 
onne
ting two arbitrary verti
es (of 
ourse,

these \
onne
tion" points are not part of the 
lique). The fa
t that a 
lique of size six has never

been observed is an indi
ation of the very small probability that su
h a regular 
on�guration is

generated in random graphs.

The analysis 
learly indi
ates the low reliability of 
lique sizes as an indi
ator of the number

of 
odes needed in the H-CA problem. In other words the 
lique size, being limited to very small

values, in general 
annot be a tight lower bounds for the number of 
odes needed in a given

H-CA task.
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Figure 16: HP-CA: size of max 
liques. Dire
t 
onne
tions (left), two-hops 
onne
tions (right).

HP-CA

The situation is 
ompletely di�erent for the HP-CA problem. In parti
ular one has the following

theorems, that are valid in the assumptions that no \border e�e
ts" are present, i.e., that a 
ir
le

of radius 2 r around the node x does not meet the boundary of the [0; 1℄ � [0; 1℄ region. In fa
t

smaller 
ir
les are suÆ
ient in 
ertain 
ases.

Theorem 6.1 Given a node x, its physi
al neighbors at Eu
lidean distan
e not larger than r=2

form a 
lique in the asso
iated graph G

HP

, 
omposed of points with dire
t physi
al 
onne
tions.

The expe
ted size of the 
lique is n �

�

r

2

�

2

.

The proof is as follows. Given two arbitrary points y and z in the above neighborhood,

they are 
ontained in a 
ir
le of diameter r, and therefore mutually 
onne
ted by a one-hop


onne
tion. For the same reason x is 
onne
ted to all su
h points. The expe
ted size of the


lique is given by the expe
ted number of points that fall in a radius of length r=2 around x,

i.e., n �

�

r

2

�

2

�.

The situation is illustrated in Fig. 16 (left).

Theorem 6.2 Given a 
ir
le of radius r, the 
ontained points form a 
lique in the asso
iated

graph G

HP

, with a probability tending to one for n tending to in�nity. The expe
ted size of the


lique is n � r

2

.

If two arbitrary points a and 
 fall in the given neighborhood, they have a probability larger

than zero of being two-hops 
onne
ted. In fa
t, the interse
tion of the two 
ir
les of radius

r 
entered on them is not empty. Furthermore, from eqn. 4, the probability that a two-hops


onne
tion exists goes to one when n goes to in�nity. In this limit, all su
h points will be

two-hops 
onne
ted. The expe
ted size of the 
lique is given by the expe
ted number of points

falling in the neighborhood: n � r

2

�.

The situation is illustrated in Fig. 16 (right).

Theorem 6.3 Give a node x 2 G

HP

, the expe
ted size of a 
lique that 
ontains x is less than

or equal to n � (2 r)

2

.

The proof is trivial as soon as one notes that only the points at an Eu
lidean distan
e not

larger that 2 r 
an possibly be 
onne
ted in G

HP

. But the expe
ted number of points in this

area is n � (2 r)

2

�.

Let us 
omment the above theorems. First, let us note that they refer to the size of a single


lique 
ontaining a node x, not to the maximum size of all 
liques in the asso
iated graph. This
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last quantity also re
e
ts the 
u
tuations of the size around the mean value. Nonetheless, they

are asymptoti
ally 
orre
t estimates for large n, be
ause the 
u
tuations are proportional to

p

n

so that their relative size be
omes negligible.

If these results are 
ompared with those for the H-CA problem, the situation is 
ompletely

di�erent. The size of the 
lique is not limited, on the 
ontrary it grows in a manner proportional

to n r

2

. The experimental results tell us that the 
lique size is a very tight lower bound for the

number of 
odes needed. Let us �nally note that the results 
on�rm the s
aling law: the relevant

quantities in the asso
iated graphs (in this 
ase the number of 
odes needed) are a fun
tion of

n r

2

.

6.3 A test of the s
aling law

The s
aling law stating that the number of 
odes needed is a fun
tion of the 
ombination n r

2

is veri�ed experimentally in �g. 17. Here the s
aled 
urves obtained from the n r

2

fun
tional

relation are 
ompared with the real 
urves. In detail, if 
odes

n

(r) gives the number of 
odes as

a fun
tion of the radius r, other 
urves 
an be obtained by setting:


odes

n

0

(

r

n

n

0

r) = 
odes

n

(r)

where the equation n r

2

= n

0

r

02

has been solved for r

0

: r

0

=

p

n

n

0

r. In the above manner, the

predi
ted 
urve for 
odes

100

(r) is derived from 
odes

50

(r), the predi
ted 
urve for 
odes

200

(r)

is derived from 
odes

100

(r). As expe
ted, the predi
ted 
urves are in 
lose agreement with the

real ones for small values of r (up to r � 0:2), while the predi
ted 
urves underestimate the

number of 
odes required for large r values. In fa
t, when r is large, non-negligible border

e�e
ts are present: more and more nodes are 
lose to the border of the [0; 1℄ � [0; 1℄ region. In


omparison with normal nodes, less 
onne
tions are present on the border and less 
odes are

therefore required.

7 Con
lusions

The main purpose of this paper has been that of investigating performan
e bounds for the

two versions H-CA and HP-CA of the 
ode assignment problem. In addition, in the 
ourse of

this work, the study of the BB-Code-Assignment algorithm of [4℄ has been 
ontinued, new


ode assignments for spe
ial topologies in the HP-CA problem have been presented, and a new

algorithm (Saturation-Degree-Code-Assignment ) has been designed.

For the BB-Code-Assignment algorithm, and also for the new algorithm proposed, the

gaps between the upper bounds given by the heuristi
 solution, the lower bounds obtained

from the maximum-
lique problem, and the exa
t solution obtained by bran
h & bound are

investigated in the di�erent settings. In parti
ular, important di�eren
es are found between

the H-CA and HP-CA problems. For example, the algorithm BB-Code-Assignment (with

nodes sorted by de
reasing degrees) is 
lose to optimal for HP-CA, but inferior with respe
t to

Saturation-Degree-Code-Assignment for H-CA. In addition, maximum 
lique sizes are

tight lower bounds for HP-CA but not for H-CA.

From the analysis of the probabilisti
 distribution of 
onne
tions as a fun
tion of the Eu-


lidean distan
e, and of the asymptoti
 size of the maximum 
liques, a s
aling law has been

found from whi
h the relations between the relevant properties of Eu
lidean networks with dif-

ferent station density and 
onne
tion distan
e 
an be derived. In the assumption of negligible

\border e�e
ts", the s
aling law permits an immediate transfer of the results when the power of
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Figure 17: S
aling law: 
omparison between s
aled 
urves and real 
urves (for n = 100; 200).

the transmitting stations (and therefore their 
onne
tion radius r) in
reases, or when r is �xed

but the number of stations n 
hanges.
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