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Abstract Reactive Search Optimization advocates the adoption afilegamech-
anisms as an integral part of a heuristic optimization sehenhis work studies
reinforcement learning methods for the online tuning ofapaeters in stochastic
local search algorithms. In particular, the reactive tgnis obtained by learning
a (near-)optimal policy in a Markov decision process whéee dtates summarize
relevant information about the recent history of the seafdte learning process
is performed by the Least Squares Policy Iteration (LSPRhoed The proposed
framework is applied for tuning the prohibition value in tReactive Tabu Search,
the noise parameter in the Adaptive Walksat, and the smapitiobability in the
Reactive Scaling and Probabilistic Smoothing (RSAPS)rilyom. The novel ap-
proach is experimentally compared with the origiadlhocreactive schemes.

1 Introduction

Reactive Search OptimizatiofiRSO) [4, 7, 3] proposes the integration of sub-
symbolic machine learning techniques into search hecsigtir solving complex
optimization problems. The worgactivehints at a ready response to events during
the search through an internal online feedback loop for &tietgning of critical
parameters. When RSO is applied to local search, its obge@ito maximize a
given functionf (x) by analyzing the past local search history (the trajectdéth®
tentative solution in the search space) and by learning pipeogriate balance of
intensification and diversification. In this manner the kfemlge about the task and
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about the local properties of tH#gness surfacesurrounding the current tentative
solution can influence the future search steps to render thera effective.

Reinforcement learningRL) arises in the different context of machine learn-
ing, where there is no guiding teacher, ie¢dback signals from the environment
which are used by the learner to modify its future actiondklnone has to make
a sequence of decisions. The outcome of each decision isifyppfedictable. In
fact, in addition to an immediateward, each action causes a change in the system
state and therefore a different context for the next deessido complicate matters,
the reward is often delayed and one aims at maximizing nointingediate reward,
but some form otumulative rewardver a sequence of decisions. This means that
greedy policies do not always work. In fact, it can be betigyd for a smaller imme-
diate reward if this action leads to a state of the system evbiglger rewards can be
obtained in the future. Goal-directed learning from intgin with an (unknown)
environment with trial-and-error search and delayed revisthe main feature of
RL.

As it was suggested for example in [2], the issue of learniagfan initially un-
known environment is therefore shared by RSO and RL. A baffereince is that
RSO optimizes a function and the environment is provided fitpass surface to be
explored, while RL optimizes the long-term reward obtaibgdelecting actions at
the different states. The sequential decision problem hecttore the non-greedy
nature of choices is also common. For example, in Reactilsa $arch, the appli-
cation of RSO in the context of Tabu Search, steps leadingotsevconfigurations
need in some cases to be performed to escape from a basirecfiatt around a lo-
cal optimizer. It is therefore of interest to investigate tklationship in more detail,
to see whether specific techniques of reinforcement legreeim be profitably used
in RSO.

In this paper, we discuss the application of reinforcemeatring methods for
tuning the parameters of stochastic local search (SLS)ighgus. In particular,
we select the Least Squares Policy iteration (LSPI) algorif22] to implement
the reinforcement learning mechanism. This investigaiiodone in the context
of the Maximum Satisfiability (MAX-SAT) problem. The reaati versions of the
SLS algorithms for the SAT/MAX-SAT problem, like RSAPS, Autive Walksat
or AdaptNovelty , perform better than their original non-reactive versioivhile
solving a single instance, the level of diversification af thactive SLS algorithms
is adaptively increased / decreased if search stagnatias i®t detected.

Reactive approaches in the above methods consisd dfocways to detect the
search stagnation and to adapt the value of one (or morenpéeadetermining the
diversification of the algorithm.

In this investigation, a generic RL-based reactive schengesigned, which can
be customized to replace thd hocmethod of the algorithm considered.

To test its performance, we select three SAT/MAX-SAT SLSerd: the (adap-
tive) Walksat, the Hamming Reactive Tabu SearchRFS) and the Reactive Scal-
ing and Probabilistic Smoothing (RSAPS) algorithms. Tlagifhocreactive meth-
ods are replaced by our RL-based strategy and the resuémedtover a random
MAX-3-SAT benchmark and a structured MAX-SAT benchmark disesussed.
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This paper is organized as follows. Previous approachesimforcement learn-
ing applied to optimization are discussed in Sec. 2, whi¢dathsics of reinforcement
learning and dynamic programming are given in Sec. 3. Inqdatr, the LSPI al-
gorithm is detailed.

The considered Reactive SLS algorithms for the SAT/MAX-S#oblem are
introduced in Sec. 4. Sec. 5 explains our integration of RS the RL strategy.
Finally, the experimental comparison of the RL-based rea@pproach w.r.t. the
original ad hocreactive schemes (Sec. 6) concludes the work.

2 Reinforcement learning for optimization

Many are the intersections between optimization, dynamigm@mmming and re-
inforcement learning. Approximated versions of DP/RL eamtchallenging opti-
mization tasks. Consider, for example, the maximizatioerapons in determining
the best action when an action value function is availabke pptimal choice of ap-
proximation architectures and parameters in dynamic pragring, or the optimal
choice of algorithm details and parameters for a specificriRtaince.

A recent paper about the interplay of optimization and meaetéarning (ML)
research is [8], which mainly shows how recent advances fimaation can be
profitably used in ML.

This work, however, goes in the opposite direction: whiahtéques of RL can
be used to improve heuristic algorithms for a standard dpétion task such as min-
imizing a function? Interesting summaries of statisticalcimne learning methods
applied for large-scale optimization are presented inflifonomous search meth-
ods that adapt the search performance to the problem at hanigscribed in [15],
which defines a metric to classify problem solvers based ein tomputation char-
acteristics. The authors first identify a set of rules désog search processes, and
then they classify existing search paradigms from diffelert related areas, such
as the Satisfiability and the Constraint satisfaction probl

In [10] RL is applied in the area of local search for solvingxn&(x) : the re-
wards from a local search methambtarting from an initial configurationare given
by the size of improvements of the best-so-far valye; In detail, the value func-
tion V(x) of configurationx is given by the expected best value bkeen on a
trajectory starting from stateand following the local search methad The curse
of dimensionality discourages directly usinfpr state description: informativiea-
turesextracted fronx are used to compress the state description to a shorterrvecto
s(x), so that the value function becomé8(s(x)). The introduced algorithm®@GE
is a smart version of iterated local search, which altesattween two phases.
In one phase, new training data féf(F(x)) are obtained by running local search
from the given starting configuration. Assuming that locsreh is memory-less,
the estimates of "(F (x')) for all the pointss’ along the local search trajectory can
be obtained from a single run. In the other phase, one optsrilze value function
V(F(x)) (instead of the originaf), so that a hopefully new and promising starting
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point is obtained. A suitable approximation architectf&F (x);w) and a super-
vised machine learning method to tr&ff(F (x); w) from the examples are needed.
The memory-based version of the RASH (Reactive Affine SHakgimizer intro-
duced in [11] adopts a similar strategy. An open issue is thpgy definition of the
features by the researcher, which are chosen by insighOin Preliminary results
are also presented abdunsfer, i.e., the possibility to use a value function learnt
on one task for a different task with similar charactersstic

A second application of RL to local search is to supplenfentth a “scoring
function” to help in determining the appropriate searctiaypat every step. For ex-
ample, different basic moves or entire different neighbords can be applied. RL
can in principle make more systematic some of the heuripficaaches involved in
designing appropriate “objective functions” to guide tlearseh process. An exam-
ple is the RL approach to job-shop scheduling in [31, 32], seteeneural-network
basedT D(A) scheduler is demonstrated to outperform a standard iteregpair
(local search) algorithm. The RL problem is designed to piekbest among two
possible scheduling actions (moves transforming the ntgelution). The reward
scheme is designed to prefer actions whigtickly find a good schedule. For this
purpose, a fixed negative reinforcement is given for eadbratdading to a sched-
ule still containing constraint violations. In additionseale-independent measure
of the final admissible schedule length gives feedback atheuschedule quality.
Features are extracted from the state, and are either lmaftdecor determined in
an automated manner [32]; tldevalues along the trajectory are used to gradually
update a parametric model of the state value function of ptienal policy.

ML can be profitably applied also in tree-search technigWasable and value
ordering heuristics (choosing the right order of varialesalues) can noticeably
improve the efficiency of complete search techniques, ergdnstraint satisfaction
problems. For example, RLSAT [21] is a DPLL solver for the S&bblem which
uses experience from previous executions to learn how ¢éetsa@bpropriate branch-
ing heuristics from a library of predefined possibilitiesthwthe goal of minimizing
the total size of the search tree, and therefore the CPU tiagmudakis and Littman
[20] extend algorithm selection for recursive computatiwhich is formulated as a
sequential decision problem: the selection of an algoriglia given stage requires
an immediate cost — in the form of CPU time — and leads to areéiffiestate with a
new decision to be executed. For SAT, features are extréedeach sub-instance
to be solved, and TD learning with Least-Squares is usedatm lan appropriate
action value function, approximated as a linear functiohef extracted features.
Some modifications of the basic methods are needed. Fisthhéw sub-problems
are obtained instead of one, second an appropriate re-tvegghf the samples is
needed to avoid that the huge number of samples close todhes®f the search
tree practically hides the importance of samples close ¢ortiot. According to
the authors, their work demonstrates that “some degreeasbreng, learning, and
decision making on top of traditional search algorithms icaprove performance
beyond that possible with a fixed set of hand-built branchirgs.”

In [9] RL is applied in the context of the constructive seatethnique, which
builds a complete solution by selecting the value for a gmutomponent at a time.
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One starts from the task daticand repeatedly picks a new indey to fix a value

Um,, until values for aN components are fixed. The decision to be made from a par-
tial solutionxp = (d, My, Uy, ..., My, Um, ) iS which index to consider next and which
value to assign. Let us assume tKdixed construction algorithms are available for
the problem. The application consists of combining in thesnappropriate manner
the information obtained by the set of construction aldgponis in order to fix the
next index and value. The approximation architecture sstggiés:

K

V(d, Xp) = to(Xp, WO) + H tie(Xp, Wic) Hica (Xp)
=}

whereHy 4(xp) is the value obtained by completing the partial solutionhvifie
k-th method, andp are tunable coefficients depending on the parameterbich
are learned from many runs on different instances of thelpmbWhile in the
previously mentioned application one evaluates startoigtp for local search, here
one evaluates the promise of partial solutions to lead ta gmmplete solutions.
The performance of this technique in terms of CPU time is pimoaddition to the
separate training phase, tkeconstruction algorithms must be run for each partial
solution (for each variable-fixing step) in order to allow focking the next step in
an optimal manner.

A different parametric combination of costs of solutiongaifed by two fixed
heuristics is considered for thstochastic programming problewwf maintenance
and repair [9]. In the problem, one has to decide whether toediately repair
breakdowns by consuming the limited amount of spare parts, keep spare parts
for breakdowns at a later phase.

In the context of continuous function optimization, [248<RL for replacing a
priori defined adaptation rules for the step size in Evolutstrategies with a reac-
tive scheme which adapt step sizes automatically duringhienization process.
The states are characterized only by the success rate dft@danumber of mu-
tations, the three possible actions consists of increg&ing fixed multiplicative
amount), decreasing or keeping the current step size. SAB&SAing with various
reward functions is considered, including combinationshef difference between
the current function value and the one evaluated at thedastrd computation and
the movement in parameter space (the distance traveled iaghphase). On-the-fly
parameter tuning, or on-line calibration of parametersefarlutionary algorithms
by reinforcement learning (crossover, mutation, seleatigerators, population size)
is suggested in [12]. The EA process is divided into episaihesstate describes the
main properties of the current population (like mean fitressf values — standard
deviation, etc.), the reward reflects the progress betwwenrepisodes (improve-
ment of the best fitness value), while the action consistsetdrchining the vector
of control parameters for the next episode.

The trade-off between exploration and exploitation is haptssue shared by RL
and stochastic local search techniques. In RL an optimédypisl learnt by generat-
ing samples, in some cases samples are generated by a pblidy iw being eval-
uated and then improved. If the initial policy is generatstgtes only in a limited
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portion of the entire state space, there will be no way taldae true optimal policy.
A paradigmatic example is thearmed bandit problem [14], so named by analogy
to a slot machine. In the problem, one is faced repeatedly avithoice among dif-
ferent options, or actions. After each choice a numericaard is generated from a
stationary probability distribution that depends on tHeded action. The objective
is to maximize the expected total reward over some time getiothis case the
action value function depends only on the action, not on thie gwhich is unique
in this simplified problem). In the more general case of mdates, no theoretically
sound ways exist to combine exploration and exploitatiomnnoptimal manner.
Heuristic mechanisms come to the rescue, for example, bgtisd actions not in a
greedy manner given an action value function, but based oanwdated-annealing-
like probability distribution. Alternatively, actions wdh are withine of the optimal
value can be chosen with a non-zero probability.

A recent application of RL in the area of stochastic localrsieas [25]. The
noise parameter of the Walksat/SKC algorithm [27] is seffetd while solving a
single problem instance by an average-reward reinforcefeaming method: R-
learning [26]. The R-learning algorithm learns a stateéeactalue functionQ(s, a)
estimating the reward for following an actiarfrom a states. To improve the trade-
off between the exploitation of the current state of leagnivith exploration for
further learning, the state-action value function seledgth probability 1— ¢ the
actiona with the best estimated reward, otherwise it chooses a rarsdtion. Once
the selected action is executed, a new ssatind a reward are observed and the
average reward estimate and the state-action value fun@is,a) are updated.
In [25], the state of the MDP is represented by the currentbemof unsatisfied
clauses and an action is the selection of a new value for tlse parameter from
the set(0.05,0.1,0.15, ...,0.95,1.00) followed by a local move. The reward is the
reduction in the number of unsatisfied clauses since thédeakt minimum. In this
context the average reward measures the average prognessisahe solution of
the problem, i.e., the average difference in the objectinetion before and after the
local move. The modification performed by the approach iff@the Walksat/SKC
algorithm consists of (re-)setting its noise parameteaahéteration. This approach
is compared over a benchmark of SAT instances with the gesbtained when the
noise parameter is hand-tuned. Even if the approach ohiaifemly good results
on the selected benchmark, the hand-tuned version of thes@tZEKC algorithm
performs better. Furthermore, the proposed approach isobast with the setting
of the parameters of the R-learning algorithm.

The work in [30] applies a reinforcement learning technidddearning [28], in
the context of the Constraint Satisfaction Problem (CSR}.S® instance is usually
solved by iteratively selecting one variable and assigaivglue from its domain.
The value assigned to the selected variable is then progégapdating the do-
mains of the remaining variables and checking the consigtefithe constraints. If
a conflict is detected, a backtracking procedure is exectedmplete assignment
generating no conflicts is a solution to the CSP instance.alty@rithm proposed
in [30] learns which variable ordering heuristic should sediat each iteration, for-
mulating the search process executed by the CSP solver ed@eement learning
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task. In particular, each state of the MDP process condistpartial or total assign-
ment of values to the variables, while the set of the actismgivien by the set of the
possible variable ordering heuristic functions. A rewar@ssigned when the CSP
instance is solved. In this way, the search space of the Riritign corresponds to
the search space of the input CSP instance and the traniitiotion of the MDP
process corresponds to the decision made when solving ar3&hce. However,
several open questions related to the proposed approadinrémbe solved, as
pointed out by the authors.

Another example of the application of machine learning ®@SP is the Adap-
tive Constraint Engine introduced in [13], which learns ¢dve constrain satisfac-
tion problems. The solving process of a CSP is modeled asieseq of decisions,
where each decision either selects a variable or assignki@ tzaa variable from
its associated value set. After each assignment, projpagaties infer its effect on
the domains of the unassigned variables. Each decisiortaineldl by the weighted
combination of a set of pre-specified search heuristics |&dmaing task consists of
searching the appropriate set of weights for the heurisfies Adaptive Constraint
Engine can learn the optimal set of weightsdtasseof CSP problems, rather than
for a single problem.

3 Reinforcement learning and dynamic programming basics

In this sectionMarkov decision processese formally defined and the standard dy-
namic programming technique is summarized in Sec. 3.2gvwhé policy iteration
technique to determine the optimal policy is defined in Se®. B many practical
cases exact solutions must be abandoned in favor of appativimstrategies, which
are the focus of Sec. 3.4.

3.1 Markov decision processes

A standard Markov process is given by a set of statéesvith transitions between
them described by probabilitigs(i, j). Let us note the fundamental property of
Markov models: earlier states do not influence the transifimbabilities to the
next state. The process evolution cannot be controlledgusecit lacks the notion
of decisionsactionstaken depending on the current state and leading to a differe
state and to an immediateward

A Markov decision process (MDP) is an extension of the ctadsViarkov pro-
cess designed to capture the problemsefijuential decision making under un-
certainty, with states, decisions, unexpected results, and “long“tgoals to be
reached. A MDP can be defined as a quintypte </, PR, y), where.” is a set of
states,«/ a finite set of actions?(s,a,s) is the probability of transition from state
se€ .7 to states € .7 if actiona € &/ is taken,R(s,a,5) is the corresponding re-
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ward, andy is the discount factor, in order to exponentially decreaseré rewards.
This last parameter is fundamental in order to evaluate tkeadl value of a choice
when considering its consequences on an infinitely longnchaiparticular, given
the following evolution of a MDP

951) W2 2D 53029 .. )

the cumulative reward obtained by the system is given by
Z’V‘R(S(t),a(t)ﬁ(t +1)).
t=

Note that state transitions are not deterministic, needets their distribution can
be controlled by the actioa The goal is to control the system in order to maximize
the expected cumulative reward.

Given a MDP (., </ ,P,Ry), we define gpolicy as a probability distribution
ni(-s) : & — [0,1], whereri(als) is the probability of choosing acticawhen the
system is in state. In other wordsjr maps states onto probability distributions over
<7 . Note that we are only considering stationary policies dblcy is deterministic,
then we shall resort to the more compact notatiea i(s).

3.2 The dynamic programming approach

The learning task consists of the selection of a policy thaximizes a measure of
the total reward accumulated during an infinite chain of sleais (infinite-horizon).

To achieve this goal, let us define th@te-action value function Qs a) of the
policy rras the expected overall future reward for applying a spelcifaiona when

the system is in status under the hypothesis that the ensuing actions are taken
according to policyrt. A straightforward implementation of the Bellman prin@pl
leads to the following definition:

Qsa) =  Pead)(Rsas)y 3 ma9QiEd)) @

ses ded

where the sum ove#” can be interpreted as an integral in the case of a continuous
state set. The interpretation is that the value of seleetitigna in statesis given by
the expected value of the immediate reward plus the valututhee rewards which
one expects by following policyr from the new state. These have to be discounted
by y (they are a step in the future w.r.t. starting immediategnfrthe new state)
and properly weighted by transition probabilities and@etselection probabilities
given the stochasticity in the process.

The expected reward of a state/action gain) € .’ x </ is
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R(sa)= ) P(sas)R(sas),
e

so that (2) can be rewritten as

"(s,a) = R(s, P(s,a,s
Q(sa) <sa>+v§€zy< (sas) ¥

ded

m(d|s)Q"(s, a’))

or, in a more compact linear form,
Q" =R+ yPr Q" (3)

whereR is the |.7||</|-entry column vector corresponding R(s,a), P is the

|- ||| x || matrix of P(s,a,s) values havings,a) as row index and’ as col-

umn, whilefT;is a|.| x |.||.<7| matrix whose entrys, (s,a)) is 11(als).
Equation (3) can be seen as a non-homogeneous linear prelbtaranknown

QT['

(I-yPM)Q"=R (4)
or, alternatively, as a fixed-point problem
Q= TAQ", (5)

whereT ; : x+— R+ yPIxis an affine functional.

If the state set” is finite, then (3-5) are matrix equations and the unkn®@¥n
is a vector of sizé.”||.<7|.

In order to solve these equations explicitly, a model of ffstem is required, i.e.,
full knowledge of functiond(s, a,s) andR(s,a). When the system is too large, or
the model is not completely available, approximations anfttrm ofreinforcement
learningcome to the rescue. As an example, gfemerative modes available, i.e., a
black box that takes state and action in input and produeesethkiard and next state
as output, one can estimd&(s, a) throughrollouts. In each rollout, the generator is
used to simulate acticmfollowed by a sufficiently long chain of actions dictated by
policy 1. The process is repeated several times because of therims&rehasticity,
and averages are calculated.

The above described state-action value fundfoar its approximation, is instru-
mental in the basic methods of dynamic programming andasiement learning.

3.3 Policy iteration

A method to obtain the optimal policy* is to generate an improving sequericg
of policies by building a policyz. 1 upon the value function associated to poligy

iaa(s) = arg maqQ (s.a). (6)
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Policy 71, 1 is never worse tham;, in the sense th@""+1 > Q™ over all state/action
pairs.

In the following, we assume that the optimal poligy exists in the sense that for
all states it attains the minimum of the right-hand side oliBan’s equation, see

[9] for more details.
(Approximate)
Value function

Critic

(Approximate)
Policy

Fig. 1 the Policy Iteration (PI) mechanism

Actor

Policy evaluation
Policy improvement

The Policy Iteration (Pl) method consists in the alternaimputation shown
in Fig. 1: given a policyrs, the policy evaluationprocedure (also known as the
“Critic”) generates its state-action value functiQf, or a suitable approximation.
The second step is thplicy improvemenprocedure (the “Actor”), which computes
a new policy by applying (6).

The two steps are repeated until the value function doedraoige after iterating,
or when the change between consecutive iterations is lasstlgiven threshold.

3.4 Approximations: reinforcement learning and LSPI

To carry out the above discussion by means of exact methogariicular using (4)
as the Critic component, the system model has to be knowmnrstef its transition
probability P(s,a,s) and rewardR(s,a) functions. In many cases this detailed in-
formation is not available but we have access to the systgstf ir to asimulator
In both cases, we have a black box which given the currerd atad the performed
action determines the next state and reward. In both cases, conveniently with
a simulator, several sample trajectories can be generstethat more and more
information about the system behavior can be extractedhgiiei optimal control.

A brute force approach can be that of estimating the systemefrfanctions
P(-,-,-) andR(-,-) by executing a very large series of simulations. Téiaforce-
ment learningnethodology bypasses the system model and directly |claensatue
function.

Assume that the system simulator (the “Model” box in Fig. &éherates quadru-
ples in the form

(s,ar,s)
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wheres is the state of the system at a given st&[s the action taken by the simu-
lator, s’ is the state in which the system falls after the applicatiba, @ndr is the
reward received. In the setting described by this papefgae pair is generated by
the simulator.

A viable method to obtain an approximation of the stateeactialue function
is to approximate it with respect to a functional linear qau® having basi® =
(@y,...,®,). The approximatio®™ ~ Q™ is in the form

Qn _ (DTWT['
The weights vectow™ is the solution of the linear systeAw™ = b, where
A=0T (0 —yPM,®) b=0'R 7)

An approximate version of (7) can be obtained if we assumeahaite set of
samples is provided by the “Model” box of Fig. 1:

7 ={(s1.a1,11,%)),...,(s.a,r1,5)}.

In this case, matrixz and vectorb are “learned” as sums of rank-one elements,
each obtained by a sample tuple:

A= Y osa)esa)-yeEas)) . be (s )
(sars)ez (sars)ez

Variable Scope Description

In Set of sample vectord(s,a,r,s)}
In Number of basis functions

In Vector ofk basis functions

In Discount factor

In Policy

Local k x k matrix

Local k-entry column vector

T Out k-entry weight vector

ST 97N

1. function LSTDQ( Z, k, @, y, m)

2 A—0O;

3. b« 0;

4. for each (s,a,r,§) € D

; A A+ d(s,a)(P(sa) - yd(s, ms))"
6 b+ b+rao(sa)

7 W — A_lb

Fig. 2 the LSTDQ algorithm

Such approximations lead to the Least Squares TemporaérBifte forQ
(LSTDQ) algorithm proposed in [22], and shown in Figure 2enehthe functions
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Variable Scope Description

In Set of sample vectorgs,a,r,s)}

In Number of basis functions

In Vector ofk basis functions

In Discount factor

In Weight vector tolerance

In Initial value function weight vector
Local Weight vectors in subsequent iterations
Out  Optimal weight vector

slzlsm<exy9

1. function LSPI (D, k, @, vy, €, Wo)

2 W — Wp;

3 do

4. W W

5 W « LSTDQ(D, k, @, y, w);
6 while |[w—w| > €

Fig. 3 the LSPI algorithm

R(s,a) andP(s,a,s) are assumed to be unknown and are replaced by a finite sample
sety.

Note that the LSTDQ algorithm returns the weight vector thest approximates
the value function of a given policy, within the spanned subspace and according
to the sample data. It therefore acts as the “Critic” compboéthe Policy Iteration
algorithm. The “Actor” component is straightforward, besa it is an application
of (6). The policy does not need to be explicit: if the systenini states and the
current value function is defined by weight vectgrthe best action to take is:

a=arg maxd(s,a)"w. (8)

aca/

The complete LSPI algorithm is given in Fig. 3. Note that,dexe of the iden-
tification between the weight vectarand the ensuing policy, the code assumes
that the previously declared functiwSTDQ() accepts its last parameter, i.e., the
policy 1, in form of a weight vectow.

4 Reactive SAT/MAX-SAT solvers

This investigation considers as starting point the follogvimethods: the Walk-
sat/SKC algorithm [27] and its reactive version, the AdaptiValksat [16], the
Hamming Reactive Tabu Search @®TS) [6] and the Reactive Scaling and Prob-
abilistic smoothing algorithm (RSAPS) [19].

The Walksat/SKC algorithm adopts a two-stage variablectele scheme. First,
one of the clauses which are violated by the current assighismiselected uniformly
at random. If the selected clause contains variables tmabedlipped without vi-
olating any other clause, one of these is randomly chosenn\Wieh an improv-
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ing step does not exist, a random move is executed with aicgrtabability p:

a variable appearing in selected unsatisfied clause istedleaiformly at random
and flipped. Otherwise with probability-1 p the least worsening move is greed-
ily selected. The parameteris often referred to as noise parameter. The Adaptive
Walksat algorithm automatically adjusts the noise paramétcreasing/decreasing

it when search stagnation is/is not detected. Search stagismeasured in terms
of the time elapsed since the last reduction in the numbensdtisfied clauses has
been achieved.

RSAPS is a reactive version of the Scaling and Probabistioothing (SAPS) [19]
algorithm. In the SAPS algorithm, once the search processrbes trapped in a
local minimum, the weights of the current unsatisfied clawmse multiplied by a
factor bigger than 1 in order to encourage diversificatiofieAupdating, with a
certain probabilityPsmooththe clause weights are smoothed back towards uniform
values. The smoothing phase is to forget the collateratesffef the earlier weight-
ing decisions, that affect the behaviour of the algorithnemwhisiting future local
minima. The RSAPS algorithm dynamically adapts the smagtiirobability pa-
rameterPsmoothduring the search. In particular, RSAPS adopts the samaatiag
criterion as Adaptive Walksat to trigger a diversificatidmape. If no reduction in
the number of the unsatisfied clauses is observed in the dastts iterations, in
case of RSAPS the smoothing probability parameter is retwtde in the case of
Adaptive Walksat the noise parameter is increased.

H_RTS is a prohibition-based algorithm that dynamically at§ithe prohibition
parameter during the search. For the purpose of this ima&in, we consider a
“simplified” version of HRTS, where the non-oblivious search pHaiseomitted.
As matter of fact, we are interested in evaluating the peréorce of different reac-
tive strategies for adjusting the prohibition parametertie best of our knowledge,
non-oblivious functions are defined only in the case of k-S#dtances. Further-
more, the benchmark used in the experimental part of thikvsonot limited to
k-SAT instances. Finally, there is some evidence that thfopeance of HRTS is
determined by the reactive tabu search phase rather tharotheblivious search
phase [17]. For the rest of this work, the term H-RTS referthéo‘simplified” ver-
sion of H-RTS. Its pseudo-code is in Fig. 4. Once the initiatht assignment is
generated in a random way, the search proceeds by repehtsgspof local search
followed by phases of tabu search (TS) (lines 6—12 in Figud)i] 10 n iterations
are accumulated. The variatlénitialized to zero, contains the current iteration and
increases after a local move is applied, whileontains the iteration when the last
random assignment was generated &mdpresents the score function counting the
number of unsatisfied clauses. During each combined phesteh local optimum
X, of f is reached, then(Z + 1) moves of Tabu Search are executed, whHeigthe
prohibition parameter. The design principle underlyinig tthoice is that prohibi-

1 The non-oblivious search phase is a local search proceduredybig a non-oblivious func-
tion, i.e., a function that weights in different ways the sfid clauses according to the num-
ber of matched literals. For example, the non-oblivious fuamcfor MAX-2-SAT problems is the
weighted linear combination of the number of clauses with onetere matched literals. See [6]
for details.
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tions are necessary for diversifying the search only afteallsearch (LS) reaches a
local optimum. Finally, an “incremental ratio” test is ex#ed to see whether in the
lastT + 1 iterations the trajectory tends to move away or come cliostire starting
pointX;. The test measures the Hamming distance fprrovered in the last + 1
iterations and a possible reactive modificationTefis executed depending on the
tests results, see [6]. The fractional prohibitibn(the prohibitionT is obtained as
T; n) is therefore changed during the run to obtain a proper lbalahdiversification
and bias.

The random restart executed afterrifhoves guarantees that the search trajec-
tory is not confined to a localized portion of the search space

procedure H_RTS

1. repeat

2 [t —t

3 X « random truth assignment

4. T —[T¢n

5. repeat

6 [ repeat { local search}
7 [X <~ BEST-MOVE (LS f)

8 until largestAf =0

9 X «—X

10. for 2(T +1) iterations { reactive tabu search
11. [X — BESTMoVE (TS )

12. Xg — X

13. LT — REACT(Tt, Xg, X))

14. Luntil (t—t;)>10n

15. until solution is acceptable or maximum number
of iterations reached

Fig. 4 The simplified version of the HRTS algorithm considered in this work.

5 The RL-based approach for reactive SAT/MAX-SAT solvers

A local search algorithm operates through a sequence ofegliamy actionslécal
moves e.g., bit flips). The choice of the local move is driven by malifferent
factors, in particular, most algorithms gwarametric their behavior, and their ef-
ficiency, depends on the values attributed to some free deas) so that different
instances of the same problem, and different search stétas #he same instance,
may require different parameter values.

In this work we introduce a generic RL-based approach foptidg during the
search the parameter determining the trade-off betweensification and diversi-
fication in the three reactive SLS algorithms considereden. . From now on,
the specific parameter modified by the reactive scheme isreef¢éo as thearget
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parameter. The target parameter is the noise parametee icate of the Walksat
algorithm, the prohibition parameter in the case of Tabuckeand the smoothing
probability parameter in the case of the SAPS algorithm.

Furthermore, in this paper the tewffline defines an action executed before the
search phase of the local search algorithm, while the terimedescribes an action
executed during the search phase. This work proposes a RB@aap for the online
tuning of the target parameter based on the LSPI algorithmgiwis trained offline.

In order to apply the LSPI method introduced in Sec. 3.4 foirtg the target
parameter, first the search process of the SLS algorithmedeled as a Markov
decision process. Each state of the MDP is created by olngetiie behavior of
the considered algorithm over an epochegibchlengthconsecutive variable flips.
In fact, the effect of changing the target parameter on therahm’s behavior can
only be evaluated after a reasonable number of local movestefore the algo-
rithms traces are divided inepochgqE;, E;,...) composed of a suitable number of
local moves, and changes of the target parameter are allomgdetween epochs.
Given the subdivision of the reactive local search algarightrace into a sequence
of epochs E1,Ep,...), the state at the end of epoéhis a collection of features
extracted from the algorithm’s execution up to that momentorm of a tuple:
s(Ey,...,E) € RY, whered is the number of features that form the state.

In the case of the Reactive Tabu search algorithpochlength= 2 Tnay, Where
Tmaxis the maximum allowed value for the prohibition parameBecause in a pro-
hibition mechanism with prohibition parameteyduring the firsfT steps, the Ham-
ming distance keeps increasing and only in the subsequept gtmay decrease, an
epoch is long enough to monitor the behavior of the algoriéso in the case of the
largest allowedr value. A preliminary application of RL to Reactive Tabu S¥ar
for SAT has been presented in [5].

In the case of the target parameter in the Walksat and the BSAdrithms,
each epoch lasts 100 and 200 variable flips, respectivallydmg null flips (i.e.,
search steps where no variable is flipped) in the case of tAé?B&lgorithm. These
values for the epoch length are the optimal values seleatadgithe experiments
over a set of candidates ranging from the value 10 to the v0e

The scope of this work is the design of a reactive reinforagrbased method
that is independent of the specific SAT/MAX-SAT reactiveaalthm considered.
Therefore, the features selected for the definition of theestof the MDP under-
lying the reinforcement learning approach do not dependchertdrget parameter
considered, allowing for generalization.

As specified above, the state of the system at the end of amelgscribes the
algorithm’s behavior during the epoch, and an “action” is thodification of the
target parameter before the algorithm enters the next egbehtarget parameter is
responsible for the diversification of the search process stagnation is detected.
The state features therefore describe the intensificaliarsification trade-off ob-
served in the epoch.

In particular, let us define the following:

e nandm are the number of variables and clauses of the input SATrinstae-
spectively;
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e f(X) is the score function counting the number of unsatisfiedsglaun the truth
assignmenk;

e XpsiiS the “best-so-far” (BSF) configuratidreforethe current epoch;
TepochiS the average value dfduring the current epoch;

e Hepocnis the average Hamming distance during the current epoah tihe con-
figuration at the beginning of the current epoch.

The compact state representation chosen to describe ah ispihe following cou-
ple:

H fepoch— f
o= <A f Herp])och) . whereAf — epoch — (szf>'

The first component of the state is the mean changkiofthe current epoch with
respect to the best value. It represents the preferenceofdigarations with low
objective function values. The second component descthzsability to explore
new configurations in the search space by moving away froal lminima. In the
literature, this behaviour is often referred to as the difation-bias trade-off.
For the purpose of addressing uniformly SAT instances witferént number of
variables, the first and the second state components harenbemalized.

The reward signal is given by the normalized change of the\zdse achieved
in the observed epoch with respect to thmest-so-fat value beforethe epoch:
(f(Xosf) — T (XocaiBesy) /M.

The state of the system at the end of an epoch describes tirélaig's behavior
during the last epoch, while an action is the modificatiorhef algorithm’s param-
eters before it enters the next epoch. In particular, themconsists of setting the
target parameter from scratch at the end of the epoch. Tl r@oid the smooth-
ing probability parameter are set to one of 20 uniformly riisted values in the
range[0.01,0.2]. In the Tabu search context, we consider the fractionalipitidn
parameter (the prohibition parametefis- | nT;]), equal to one of 25 uniformly dis-
tributed values in the rang6.01,0.25). Therefore the actions sat= {a,i = 1..n}
is composed ofi = 20 choices in the case of the noise and the smoothing pratyabil
parameters and = 25 choices in the case of the prohibition parameter. Thetffe
of the actiong; consists of setting target parameter t01xi, i € [1,20] in the case
of the noise and the smoothing probability parametersianfl, 25 in the case of
the prohibition parameter.

Once a reactive local search algorithm is modeled as a Mat&oision process,
a reinforcement learning method such as LSPI can be usedtmtthe evolution
of its parameters. To tackle large state and action spdwes 3P| algorithm approx-
imates the value function as a linear weighted combinatfdmasis functions (see
Eq. 8). In this work, we consider the value function spacespd by the following
finite set of basis functions:
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®(s,a)= | : (9)

(

(a)-Af
la==a,(2) - Hepoch

(@) -Hepoch A f

(a)-(Af)?

(a) ' Hgpoch

The set is composed of«h elements andh——5, with i = 1..n, is the indicator
function for the actions, evaluating to 1 if the action is thdicated one, O other-
wise. The indicator function is used to discern the “statgea” features for the
different actions considered: the learning for an actioarirely decoupled from
the learning for the remaining actions. For example, carside case oh = 20
actions. The vecto® (s, a) has 120 elements and for each of the 20 possible actions
only 6 different elements are not zero.

The adoption of LSPI for reactive search optimization reggia training phase
that identifies the optimal policy for the tuning of the parter(s) of the consid-
ered SLS algorithm. During the training phase, a given nurobeuns of the SLS
algorithm are executed over a subset of instances from th&aered benchmark.
The initial value for the target parameter is selected unifg at random over the
set of the allowed values. Each run is divided into epochstaadarget parameter
value is modified only at the end of each epoch using a randdicyp&n example
(s,a,r,s) is composed of the statsands of the Markov process observed at the
end of two consecutive epochs, the acteomodifying the target parameter at the
end of the first epoch and the rewardbserved for the action. The collected exam-
ples are used by the LSPI algorithm to identify the optimdigya(see Fig. 3). In
this work, the training phase is executed off-line.

During the testing phase, the state observed at the end afutinent epoch is
given as input to the LSPI algorithm. The learnt policy detieies the appropriate
modification of the target parameter (see Eq. 8). For thntgphase, the difference
between the RL-based and the original version of the coresid8LS algorithm
consists only of the modification of the target parameteh@eind of each epoch.

6 Experimental results

To measure the performance of our Reinforcement-basedaqpr we imple-
mented C++ functions for the Walksat/SKC, RSAPS and ReacIabu search
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methods described in Sec. 4 and interfaced them to the Ma8Rbimplementation
by Lagoudakis and Parr, available at http://www.cs.duk@research/Al/LSPI/ (as
of Dec 15, 2009).

The experiments performed in this work were carried out@gsireGHz Intel
Xeon processor machine, with 6GB RAM. The efficient UBCSAY][Bnplemen-
tation of the Walksat and (R)SAPS algorithms is considenddle for the HRTS
algorithm the original code of its authors is executed.

While in this paper we base our comparisons on the solutiotitguedter a
given number of iterations, the CPU time required by BRIS WalksatRL and
RSAPSRL is analogous to that of the basicRTT'S, Walksat and SAPS algorithms,
respectively. The only negligible CPU time overhead is dubé computation of 20
floating-point 120-element vector products in order to cute@(s, a) (see Eq. 8)
for the 20 actions at the end of each epoch.

For brevity, the applications of our Reinforcement-basggreach to the tuning
of the noise parameter, the prohibition value and the sniogibrobability param-
eter are termed “Walks®RL", “RTS_RL” and “RSAPSRL”, respectively.

We consider two kinds of instances: random MAX-3-SAT insesand in-
stances derived from relevant industrial problems.

For the training phase, we selected one instance from the&demed benchmark
and performed four runs of the algorithm with different randy chosen starting
truth assignments. We created 8000 examples for the Waldsaind RSAPSRL
algorithms and 4000 examples for the RIRE method. The instance selected for
the training is not included in the set of instances usedifeitésting phase.

6.1 Experiments on difficult random instances

The experiments performed are over selected MAX-3-SAT sanihstances de-
fined in [23]. Each instance has 2000 variables and 8400 esatisus lying in the
satisfiability threshold for 3-SAT instances.

The comparison of our approach based on reinforcementitegwir.t. the orig-
inal Walksat/SKC, RTS and RSAPS algorithms is in Table 1 hEatry in the table
contains the mean and the standard error of the mean ovend®@fthe best-so-far
number of unsatisfied clauses at iteration 210000.

The Walksat/SKC algorithm has been executed with the defiialue for the
noise parameter. The setting for the SAPS parameters issfiaaltione described
in [19], as empirical results in [19] show it is the most robeenfiguration.

Table 1 shows the superior performance of the RSAPS algorithmpared to
the SAPS algorithm, motivating the need of the reactive ipatars tuning over
this benchmark. Over all the benchmark instances, the RSAGBithm exhibits
a lower best-so-far number of unsatisfied clauses at iter&i 0000 compared to
the SAPS algorithm. The Kolmogorov-Smirnov test for twodpdndent samples
indicates that there is statistical evidence (with a configdlevel of 95%) for the
superior performance of RSAPS compared to SAPS (exceptkicdke of the in-
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Tnstance HRTS |RTSRL [Walksai [Walksati RL|SAPS  |RSAPS |SAPSRL
sel0L.cnf  |17.7 (.349)8.6 (.142) 4.8 (.308) 7.3 (.163)21.6 (347]16.2 (:329)3.0 (.268)
sel02.cnf  |12.2 (.454)6.1 (.179)3.1 (.087) 4.5 (.190J21.7 (.343]12.3 (.235)1.1 (.112)
selo3.cnf  |16.5(.427)7.3 (194) 7.5 (:347) 8.6 (.320)26.0 (.294)18.2 (.364)4.5 (.195)
selO4.cnf  [12.9(.351)7.6 (.183)[5.6 (.134)] 8.0 (.298]20.7 (.388)16.2 (.304]3.1 (.172)
sel05.cnf  |17.5(.279)8.0 (.169) 7.4 (.206) 8.6 (.271)]28.4 (.313]20.2 (.244]6.9 (.317)
sel06.cnf  |22.4(.347)8.3 (.262) 7.0 (.418) 10.2 (.274)29.4 (.275]21.4 (.291)6.7 (.249)
sel07.cnf  |16.8 (.507)7.7 (.200)6.0 (.182) 8.2 (.345]24.5 (.535]18.2 (.198)4.4 (.236)
selo8.cnf  |14.6 (:283)6.7 (216) 4.5 (177) 8.6 (.356)21.9 (.260)16.6 (.231)3.9 (.166)
sel09.cnf  [15.9 (.462)9.0 (.274)6.1 (.237)] 8.6 (.291]23.9 (.341]17.2 (.322)6.3 (.249)
sel10.cnf  |15.5(.330)8.5 (.263)6.2 (.385) 6.4 (.189)23.0 (.298]16.2 (.161)3.8 (.139)

Table 1 A comparison of the mean BSF values of selected SAT/Max-SAT salVédre values in
the table are the mean and the standard error of the mean ovearnsl6frine best-so-far number of
unsatisfied clauses at iteration 210000.

stance seD4.cnf). In the case of sél4.cnf instance the Kolmogorov-Smirnov test
accepts the null hypothesis , while, e.g., in the case oants sel03.cnf it rejects
the null hypothesis.

Over the considered benchmark, our RL-based approach weprhe perfor-
mance of the underlying algorithm, when considering RSARSH.RTS.

In the case of the smoothing probability parameter, for deeithmark instance
the RL-based algorithm shows a lower number of unsatisfiadsels in the best-
so-far as of iteration 210000 compared to to the original RSAalgorithm. For
example, over the instance $¥f.cnf, RSAPSRL on average reaches44unsat-
isfied clauses, while the original RSAPS algorithm2l8nsatisfied clauses. The
Kolmogorov-Smirnov test for two independent samples corithis observation.
Figure 5 shows the evolution of the valljes —w’|| during the training phase of
the LSPI algorithm in the case of RSAF&.. The LSPI algorithm converges in 7
iterations, when the valuev —w’|| becomes smaller than 18,

In the case of the RL-based tuning of the prohibition pareméte RTSRL al-
gorithm outperforms ERTS over all the benchmark instances. For example, con-
sider the 73. unsatisfied clauses reached on average by the RT @lgorithm
compared to the 16 clauses of the HRTS algorithm over the instance €3.cnf.
Again, the Kolmogorov-Smirnov test for two independent pls rejects the null
hypothesis at the standard significance level.06Gor all the instances of the con-
sidered benchmark.

However, over the MAX-3-SAT benchmark considered, no improent is ob-
served for the RL-based reactive tuning of the noise pamnoéthe Walksat/SKC
algorithm. The Kolmogorov-Smirnov test does not show stiathl evidence (with
a confidence level of 95%) for the different performance ef WalksatRL com-
pared to the Walksat/SKC, except in the case of the instah@® 4 where the
latter algorithm reaches on average a lower number of giigaticlauses compared
to the former one. In the case of the instances 1 and 4, the dgmnov-Smirnov
test rejects the null hypothesis.

Note that during the offline learning phase of the RL-basedioer of Walksat,
the LSPI algorithm does not converge even after 20 iteratmrer the set of ex-
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Fig. 5 Training of the LSPI algorithm over the MAX-3-SAT random iastes considered in the
case of RSAPSRL.

amples extracted from the considered benchmark (even B@4tstead of 8000
examples are generated).

6.2 Experiments on structured industrial instances

We repeat the experiment over a benchmark of MAX-SAT indaististances (Ta-
ble 2). Again, note first the superior performance of the RSA#Ryorithm com-
pared to the SAPS algorithm (the Kolmogorov-Smirnov teslidates that there
is statistical evidence of different performance, excepthie case of the instance
en6_nd.cnf). This observation motivates the selection of tieisdhmark to test the
smarter reactive approach based on RL.

Tnstance HRTS RTS.RL Walksal |Walksal RL [SAPS  |RSAPS [SAPSRL
ene.cnf 1073.7 (006) 1034.3 (:542)67.0 (.875)81.9 (.369) |26.3 (563)11.8 (.742)33.5 (256
en6.caselcnf [1091.3 (.776)1059.5 (.112) 65.6 (.228)92.9 (.299) [25.5 (.343] 6.0 (.222)25.8 (.997
en6._nd.cnf 1087.9 (.242)1050.7 (.117) 75.6 (.358)99.0 (.709) |27.8 (.597)21.7 (.964)28.3 (.562
en6._nd.casel.cnf|1075.9 (.469)1063.9 (.343)68.9 (.563)83.1 (.785) [20.0 (.878] 5.0 (.728}]55.9 (.930

Table 2 A comparison of the mean BSF values of selected SAT/Max-SAT solwegr a bench-
mark of big industrial unsat instances. The values in the tabléharmmean and the standard error
of the mean over 10 runs of the best-so-far number of unsatisfiesledai iteration 210000.
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Over this benchmark, the RL-based reactive approach ddaehaw appreciable
improvement.

In the case of the prohibition parameter, the KolmogorovtSov test for
two independent samples indicates that the difference gntloa results of the
RTS.RL approach compared to the RITS approach is not statistically significant
(at the standard significance level of 0.05) in the case dhm®s er6_nd.cnf
and en6_nd.casel.cnf. However, over the instanceséernf and er6_casel.cnf,
RTS.RL shows superior performance compared t&RHS. E.g., in the case of the
instance er6_nd.cnf the Kolmogorov-Smirnov test accepts the null hypsifisince
the p-value is 011 while in the case of the instance_érenf it rejects the null hy-
pothesis since thp-value is 0031.

In the case of the smoothing probability and the noise patensethe RL-
based approach shows poor performance even compared tonheactive ver-
sions of the original methods considered (the Walksat aadS#PS algorithms).
The Kolmogorov-Smirnov test do not reject the null hypotbe®mparing the re-
sults of SAPS compared to RSAHS. algorithm (except in the case of instance
en6_nd_casel.cnfwhere SAPS outperforms RSARIS. Furthermore, the statisti-
cal test confirms the worse results of Walk&dt compared to the Walksat algorithm
(except in the case of the instance@nd casel.cnf where there is no statistical ev-
idence of different performance).

Note that during the offline learning phase of the RL-basedion of Walksat
and RSAPS, the LSPI algorithm does not converge even aftiei2ions over the
set of examples extracted from the considered benchmaek (64000 instead of
8000 examples are generated). Figure 6 shows the evolttitie ealue||w —w/||
during the training phase of the LSPI algorithm in the cas&VafksatRL. The
algorithm does not converge: from iteration 12, the L2-narfnthe vectorw — w’
oscillates from the value 4150 to the value 5700.

Furthermore, qualitatively different results w.r.t. T&kare not observed if a dif-
ferent instance is used for training, or if the training setudes two instances rather
than one.

Table 2 shows a poor performance of prohibition-based ireaatgorithms. To
understand possible causes for this lack of performancenalyzed the evolution
of the prohibition parameter during the run. Figure 7 deptbe evolution of the
fractional prohibition parametér; during a run of the HRTS algorithm over two
instances of the Engine benchmark.

The fact that the maximum prohibition value is reached satggéat the prohibi-
tion mechanism is not sufficient to diversify the search gsthmore structured in-
stances. The performance ofRT'S is not significantly improved even when smaller
values for the maximum prohibition value are considered.
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Fig. 6 Training of the LSPI algorithm over the industrial instancessidered in the case of Walk-
satRL.

6.3 A comparison with offline parameter tuning

The experimental results show that over the MAX-3-SAT bematk the RL-based
approach outperforms tla@l hocreactive approaches in the case of the RSAPS and
H_RTS algorithms. The values in Table 1 and 2 are obtained mgukie original
default settings of the algorithms parameters. In pauictihe default configuration
for SAPS parameters is the following:

the scaling parameter is set t81

the smoothing parameter is set t80

the smoothing probability parameter is set t0F)
the noise parameter is set t@0Q.

This configuration is also the original default setting of A&, where the reactive
mechanism adapts the smoothing probability parametenglahie search history.
The initial default value for the fractional prohibition r@aneter inH _RT Sis 0.1.
The reactive mechanism implementeddrRT Sis responsible for the adaptation of
the prohibition parameter during the algorithm execution.

For many domains, a significant improvement in the perfoceanf the SAT
solvers can be achieved by setting their parameters ditfigre.r.t the original de-
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Fig. 7 Evolution of theTs parameter during a run of the_RTS algorithm over two selected
instances of the Engine benchmark.

fault configuration. The tuning is executed offline, and tkédnined parameters
are then fixed while the algorithm runs on new instances.

In order to measure the beneficial effect of the RL-basedtiveamechanism
observed for the smoothing probability parameter and toaipition over MAX-
3-SAT benchmark, we compare RIF&. and RSAPSRL with the best fixed pa-
rameter tuning of SAPS and_RTS algorithm for those instances. The best fixed
configuration for SAPS and RTS parameters are obtained by ParamILS [18], an
automatic tool for the parameter tuning problem. In paféicuhe best fixed setting
for SAPS parameters:

the scaling parameter is set t@%6;

the smoothing parameter is set t&60

the smoothing probability parameter is set tb;0
the noise parameter is set t®B.

The best fixed value for the fractional prohibition parameteer the MAX-3-SAT
benchmark is 3. Let us note that, by fixing the prohibition parameter ifRHAS,
one obtains the standard prohibition-based approach kasv@SAT/tabu. Table 3
shows the results of the best fixed parameters setting agproa

The Kolmogorov-Smirnov test shows that there is no statibtvidence of dif-
ferent performance between SAIRE and SAP§es;, except in the case of instance
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Instance SAPSest SAPS_RL GSAT/tabupest RTS.RL

sel01.cnf 2.9 (.099) 3.9 (.268) 5.8 (.187) 8.6 (.142)
sel02.cnf 2.1(.099) 1.1(.112) 4.0 (.163) 6.1(.179)
sel03.cnf 2.8 (.103) 4.5 (.195) 5.9 (.119) 7.3(.194)
sel04.cnf 2.7 (.094) 3.1(.172) 6.2 (.161) 7.6 (.183)
sel05.cnf 3.6 (.084) 6.9 (.317) 7.3 (.094) 8.0 (.169)
sel06.cnf 4.8 (.261) 6.7 (.249) 7.2 (.122) 8.3 (.262)
sel07.cnf 2.9 (.110) 4.4 (.236) 6.5 (.108) 7.7 (.200)
sel08.cnf 3.5(.117) 3.9 (.166) 5.9 (.179) 6.7 (.216)
sel09.cnf 4.2 (.220) 6.3 (.249) 6.7 (.115) 9.0 (.274)
sel10.cnf 2.5(.135) 3.8(.139) 5.1 (.137) 8.5 (.263)

Table 3 Best fixed tuning of SAPS and and GSAT/tabu algorithms. The salu¢he table are
the mean and the standard error of the mean over 10 runs of the 8% abserved at iteration
210000.

sel5.cnf where the latter algorithm outperforms the former ¢ihe p-value is
0.030). Therefore, over the MAX-3-SAT benchmark SARS is competitive with
anyfixed setting of the smoothing probability parameter.

In the case of the prohibition parameter, a better perfoomafhthe GSAT/tabyig
algorithm compared to RTRL is observed over three instances (sainf, sel9.cnf
and sel10.cnf) where the Kolmogorov-Smirnov test for two indepamtdsamples
rejects the null hypothesis at the standard significancgl l&iv0.05. Over the re-
maining instances, the performance of RRE is competitive with the perfor-
mance of GSAT/tahys: E.g., in the case of the instance 8etnf the Kolmogorov-
Smirnov test accepts the null hypothesis sincepthialue is 0974, while in the case
of the instance se€l.cnf it rejects the null hypothesis since hwwalue is 0006.

6.4 Interpretation of the learnt policy

For RTSRL, WalksatRL and SAPSRL, the LSPI algorithm has been applied to
the training sample set, and with (9) as approximate spasis.lfég. 8 and 9, 10
and 11 show the policy learnt when executing RS and WalksaiRL over the
MAX-3-SAT benchmark, respectively.

Each point in the graph represents the action determinedgby Eor the state

s=(Af, @‘ of the Markov decision process. On thandy-axis, the features
of the state are represented. In particularxtais shows the first component on the

MDP state@‘, which represents the normalized mean Hamming distandgeglur
the current epoch from the configuration at the beginningp@fcurrent epoch itself
(see Sec. 5). Theaxis refers ta\ f, the second component of the state, representing
the mean change dfin the current epoch with respect to the best value. The range
for the x andy-axis are loose bounds on the maximum and minimum values for

the @‘ andAf features observed during the offline training phase. ZFhgis
contains the values for the action.



An Investigation of Reinforcement Learning for Reactive $ha@ptimization 25

0l
0.04

0.25

0.2

-0.02 0.15

0.1
0.05
Af 0.04 0 _

Hcpocn
n

Fig. 8 Distribution of the actions in the significant portion of thetstapace for the RT.RL
algorithm over the Selman benchmark.

In the case of RTSRL, the LSPI algorithm converges and the distribution of the
actions over the state space is consistent with the intuiichigh value for the pro-
hibition parameter is suggested in cases where the mean ktgdiatance between
the configurations explored in the last epoch and the cordigur at the beginning
of the epoch does not exceed a certain value, provided thatutrent portion of
landscape is worse than the previously explored regionis. @dlicy is consistent
with intuition: a higher value o causes a larger differentiation of visited config-
urations (more different variables need to be flipped), &mlis desired when the
algorithm needs to escape the neighborhood of a local mmimi this case, in
fact, movement is limited because the configuration is ®dpgt the “bottom of a
valley”. On the other hand, when the trajectory is not witttie attraction basin
of a minimum, a lower value of enables a better exploitation of the neighbor-
hood. Furthermore, small values for the prohibition par@mare suggested when
the current portion of landscape is better than the prelyceplored regions: the
algorithm is currently investigating a promising regiontbé search space. These
observations, consistent with the intuition, confirm theipiee behavior of RTSRL
over the Selman benchmark, improving the performance ofith&T Salgorithm.

For WalksatRL over the MAX-3-SAT instances, the LSPI algorithm does not
converge. The distribution of the best action obtained &faterations of the LSPI
algorithm is in Fig. 10 and Fig. 11. A very similar diversifica level is suggested
when the current portion of landscape is both better andenthian the previously
explored regions. In particular, a counter-intuitive daiéication action is suggested



26 Roberto Battiti and Paolo Campigotto

0.04

0.02

Af

-0.02

— L L L
0'040 0.05 0.1 _0.15 0.2 0.25 0.3

Hecpocn
n

Fig. 9 Distribution of the actions in the significant portion of thetstapace for the RTRL
algorithm over the Selman benchmark (contour lines).

when theA f feature assumes negative values while high values arevauséor

the @‘ feature. These observations confirm the poor results of tAlksatRL
algorithm, performing worse even than the non-reactivekéétlalgorithm.

7 Conclusion

This paper describes an application of reinforcement Iegrfor Reactive Search
Optimization. In particular, the LSPI algorithm is applit the online tuning of
the prohibition value in HRTS, the noise parameter in Walksat and the smoothing
probability in the SAPS algorithm.

On one side, the experimental results are promising: overM®kX-3-SAT
benchmark considered, RTR®L and SAPSRL outperform the HRTS and the
RSAPS algorithms, respectively. On the other side, thigegable improvement
is not observed over the structured instances benchmagargptly, the wider dif-
ferences among the structured instances render the adamaheme obtained on
some instances inappropriate and inefficient on the inetaunsed for testing.

Some more weaknesses of the proposed reinforcement lgaapproach were
observed during the experiments: the LSPI algorithm do¢sooverge over both
the benchmarks considered in the case of Walkdatind over the structured in-
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Fig. 10 Distribution of the actions in the significant portion of thetetapace for the Walks&L
algorithm over the Selman benchmark.
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Fig. 11 Distribution of the actions in the significant portion of thetetapace for the WalksdL
algorithm over the Selman benchmark (contour lines).
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stances benchmark in the case of SARIS Furthermore, the interval size and
the discretization interval of the target parameter in thsecof WalksaRL and
SAPSRL have to be hand-tuned.

Finally, the diversification-bias trade-off determinirfietperformance of SLS
algorithms is encountered also during the exploration efdtates of the Markov
decision process performed by any RL schema.

The application of RL in the context of Reactive Search Ogation is far from
trivial and the number of research problems generated apjredact to be larger
than the number of problems it solves. This is positive ifsidared from the point
of view of the future of this RSO and Autonomous Search fields:less one can
adapt techniques from other areas, the larger the motivadialevelop novel and
independent methods. Our preliminary results seem to iitialymore direct tech-
nigues specifically designed for the new RSO context willvslegomuch greater
effectiveness than techniques inherited from the RL cdntex
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