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Abstract

In this paper, new multilevel heuristics are proposed for �nding a balanced bipartition

of a graph. Multilevel schemes have been recently introduced for quickly solving the

problem on graphs with thousands of nodes, graphs often present in domain-decomposition

techniques for parallel computing. These heuristics �rstly reduce the original graph by

collapsing its nodes and arcs, thus generating a hierarchy of smaller and smaller graphs,

then �nd a good partition of the smallest graph, and �nally project and re�ne the so found

partition backwards on the graph hierarchy. The multilevel algorithms proposed in this

paper employ a novel greedy method and tabu search techniques during the partitioning

and uncoarsening phases. Experimental results on a wide collection of benchmark graphs

show that partitions of high quality are found in small computing times. Moreover, the

e�ect of various parameter choices during the partitioning phase is experimentally studied.

Keywords: graph partitioning, graph bisection, multilevel algorithm, greedy, tabu search.

1 Introduction

The partitioning problem on an undirected graph G = (V;E),V being the set of vertices

and E the set of edges arises from several applications in parallel computing, such as

task scheduling, sparse matrices factorizations [20], and numerical simulations on parallel

computers [16, 18, 26]. In general, the graph partitioning problem consists of partitioning

the vertices into k disjoint subsets of about the same cardinality, such that the cut size,

that is, the number of edges whose endpoints are in di�erent subsets, is minimized. In

this paper, the particular balanced bipartitioning case is considered (also called graph

bisection problem), where k is equal to two and the di�erence of cardinalities between

the two subsets of the partition is at most one.

The graph partitioning problem is NP-hard, and it remains NP-hard even when k is

equal to 2 or when some unbalancing is allowed [5], as long as an upper bound on the

largest vertex subset is required. For large graphs (with more than about 100 vertices),
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heuristic algorithms which �nd suboptimal solutions are the only viable option. In the

last years, very e�cient multilevel schemes [13, 16] have been proposed. These heuristics

reduce the original graph by collapsing its nodes and arcs thus generating a hierarchy

of smaller and smaller graphs (coarsening phase), then �nd a good partition of the

smallest graph (partitioning phase), and �nally project and re�ne the so found partition

backwards on the graph hierarchy (uncoarsening phase) until a partition of the original

graph is found.

Multilevel schemes have been the starting point for the current paper. The novel

ingredients are new greedy and tabu search heuristics used during the partitioning and

uncoarsening phases. The Differential-Greedy algorithm in [3] is very e�cient and

competitive for partitioning randomly generated graphs of reasonable sizes, but its CPU

times become excessive for very large graphs. We were therefore motivated to consider

its use in state-of-the-art multilevel schemes. Moreover, the more e�ective prohibition-

based procedures proposed in [2] can be employed during the uncoarsening phase to

re�ne the solutions instead of the widely used Kernighan-Lin (KL) algorithm [16, 13].

A straightforward greedy scheme consists of randomly choosing two seed vertices,

inserting them into the two subsets V

0

and V

1

of the partition, and then alternately

adding to V

0

and V

1

a vertex which causes the minimum increase of the size of the cut

f . The Differential-Greedy algorithm [3] is obtained by modifying the selection

criterion in order to pick vertices that minimize the di�erence between new edges across

the cut and new edges that become internal after the addition. In [3], an e�cient imple-

mentation of Differential-Greedy is given which is based on a bucket data structure,

and several experiments are performed demonstrating that the method outperforms all

previously proposed greedy schemes, when both solution quality and running times are

considered.

The second di�erence introduced into the multilevel algorithms proposed in this

paper is the Tabu Search (TS) heuristic used in the uncoarsening phase. Tabu Search [9,

11] is based on prohibition techniques and \intelligent" schemes, which complement the

basic local search with the purpose to continue the search beyond a local optimizer, while

actively using the past history of the search to better focus the future explorations. In

order to apply TS to a multilevel scheme, two alternative choices have been considered:

� to employ a basic TS routine using a prohibition parameter T (determining how

much time a move remains forbidden after the execution of its inverse move) whose

value is maintained �xed for the whole search (Fixed-TS or FTS).

� to employ a TS routine based on a randomized and reactive choice of the parameter

T , whose value is determined automatically so that it can change during the search

depending on the past history and on the local properties of the con�guration space

of a speci�c task (Reactive-Randomized-Tabu-Search or RRTS).

To keep the size of this paper limited and to avoid duplications we refer to the cited

bibliography (that is also available from WWW in preprint form) for all details about

the used algorithms Differential-Greedy [3], FTS and RRTS [2].

The rest of this paper is structured as follows. Section 2 introduces the notation

and the formulation of the graph bisection problem. Section 3 illustrates the benchmark

graphs considered in this paper. Section 4 is devoted to the new multilevel algorithms

for graph bisection and Section 5 presents the experimental results obtained by applying

the new multilevel heuristics on the benchmark graphs previously introduced.
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2 De�nitions and problem formulation

Given an undirected graph G = (V;E), the function

De�nition 2.1

� : V ! f0; 1; :::; k� 1g

is a partition of G which distributes the vertices among k distinct subsets V

1

; V

2

; :::; V

k

.

Thus a k-partitioning P

k

= fV

0

; V

1

; :::; V

k�1

g consists of k subsets V

0

; V

1

; :::; V

k�1

such

that V

0

[ V

1

[ :::[ V

k�1

= V and V

0

\ V

1

\ :::\ V

k�1

= �. When k = 2, P

2

is said to be

a bipartition.

In this paper, we restrict our attention to the problem of �nding a bipartition P

2

of

a graph. A bipartition is characterized by its cut, which is de�ned as follows.

De�nition 2.2 The set of edges cut by a solution P

2

is given by E(P

2

) = fe 2 E; e

= (u; v) j u 2 V

0

; v 2 V

1

g. Thus the edge e 2 E(P

2

) when their two endpoints do not

belong to the same subset of the bipartition. The quantity f = jE(P

2

)j is called cut size

(or simply cut) of P

2

.

The problem of graph bisection (or balanced bipartitioning) with minimum cut

asks for a bipartition whose two subsets have about the same size such that the number

of cut edges is minimum.

Graph bisection (or balanced bipartition) with minimum cut:

Find P

2

such that jjV

0

j � jV

1

jj � 1 so as to minimize f .

3 Benchmark Graphs

The performance of the new multilevel heuristics presented in this paper is evaluated on

a collection of (unweighted) graphs, whose characteristics are illustrated in Table 1.

The benchmark collection consists of the following 26 graphs:

� seven 2D �nite elements meshes (grid2, airfoil1, 3elt, ukerbe1, whitaker3, crack

and big);

� their correspondent dual graphs (grid2 dual, airfoil1 dual, 3elt dual, ukerbe1 dual,

whitaker3 dual, crack dual and big dual) ;

� �ve De Bruijn networks (DEBR12, DEBR13, DEBR14, DEBR15, DEBR16);

� two sparse symmetric matrices from the Harwell� Boeing collection (bsspwr09,

bcsstk13) [7] plus another sparse matrix from the Nasa collection (nasa4704);

� four random graphs (G1000:01; G1000:02; U1000:20; U1000:40).

The �nite elements meshes and the Harwell-Boeing graphs have been widely used

for evaluating and comparing the performance of several partitioning methods. The

De Bruijn networks represent interconnection networks used in parallel computers, and

are deeply studied because they possess some properties of interest. Indeed, they are

regular graphs with small diameter, and are suited for FFT applications. The bsspwr09

and bcsstk13 matrices are used to model power networks and 
uido-dynamics problems,
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graph name number of vertices number of edges vertex degree

min average max

grid2 3296 6432 2 3.90 5

airfoil1 4253 12289 3 5.78 9

3elt 4720 13722 3 5.81 9

ukerbe1 5981 7852 2 2.63 8

whitaker3 9800 28989 3 5.92 8

crack 10240 30380 3 5.93 9

big 15606 45878 3 5.88 10

grid2-dual 3136 6112 2 3.90 4

airfoil1-dual 8034 11813 2 2.94 3

3elt-dual 9000 13278 2 2.95 3

ukerbe1-dual 1866 3538 2 3.79 4

whitaker3-dual 19190 28581 2 2.98 3

crack-dual 20141 30043 2 2.98 3

big-dual 30265 44929 2 2.97 3

DEBR12 4096 8189 2 4.00 4

DEBR13 8192 16381 2 4.00 4

DEBR14 16384 32765 2 4.00 4

DEBR15 32768 65533 2 4.00 4

DEBR16 65536 131069 2 4.00 4

bcspwr09 1723 2394 4 40.88 94

bcsstk13 2003 40940 1 2.78 14

nasa4704 4704 50026 5 21.27 41

G1000.01 1000 5064 2 10.13 23

G1000.02 1000 10107 6 20.21 34

U1000.20 1000 9339 4 18.68 39

U1000.40 1000 18015 9 36.03 58

Table 1: The benchmark graphs used to evaluate the performance of the graph partitioning algorithms.

respectively. The random graphs are of two kinds: Gn:d e Un:d. The Gn:d graphs have

n vertices, with an edge between two vertices with probability p, so that the resulting

average vertex degree is 10 � d (thus p(n � 1) = 10 � d holds). The Un:d graphs are

geometric random graphs with n vertices, uniformly distributed within a unit square,

with two vertices connected by an edge whenever their Euclidean distance is less than or

equal to t, where d = n�t

2

is the average vertex degree. All graphs have been obtained

from the collection in [6].

4 Multilevel Schemes for Graph Bisection

A multilevel algorithm consists of three di�erent phases. First, starting from the original

graph G

0

= (V

0

; E

0

), a sequence of smaller and smaller graphs is derived, until a graph

with few dozens of vertices is obtained. Second, a bisection is found for the smallest

graph. Third, the bisection so found is projected and re�ned backwards until a bisection

for the original graph is found (see Fig. 1). Because larger graphs have more degrees of

freedom, backward re�ning usually decreases the cut size.
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More formally, a multilevel algorithm acts as follows.

Coarsening Phase

The original graph G

0

is transformed into a sequence of graphs G

1

; G

2

; :::; G

m

such

that jV

0

j > jV

1

j > jV

2

j > ::: > jV

m

j.

Partitioning Phase

A bisection P

m

is found for the last graph G

m

= (V

m

; E

m

).

Uncoarsening Phase

P

m

is projected backwards through the successive bisections P

m�1

,P

m�2

,:::,P

1

, P

0

and the bisection P

0

is output for the original graph G

0

.

Because of the reduced size, it is faster to �nd a good bisection for the smallest graph

G

m

than for the original graph G

0

. The reduction in complexity is paid in terms of a

loss in granularity, because only a small number of bisections of G

0

can be represented

in G

m

. However, the re�nements performed on levels m � 1; m � 2; :::; 1; 0 during the

uncoarsening phase usually improve the solution by a sizable factor.

G 3

G 0

G 1

G 2

G 0

G 2

Partitioning phase

G 1
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Figure 1: The three phases of a multilevel algorithm for graph bisection.

4.1 The Coarsening Phase

In the multilevel algorithms considered in this paper, the coarsening phase has been re-

alized by means of the following three existing heuristics for �nding a maximal weighted

matching:

� Heavy Edge Matching (HEM): proposed by Karypis and Kumar in [16]. The

vertices are considered following a random order. If a vertex u is unmatched, then

another unmatched vertex v is chosen, if any, such that the weight of the edge
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(u; v) is maximum among all the edges incident to u. If this node exists, the edge

(u; v) is added to the matching.

� Modi�ed Heavy Edge Matching (HEM*): a variant of the previous heuristic,

with the purpose of decreasing the degree of the reduced graph [16]. Indeed, it has

been observed in [18] that a good bisection for the reduced graph is nearer to a

good bisection for the original graph whenever the degree of the reduced graph is

small. The vertices are again considered in a random order. Let v be an unmatched

vertex and H

v

be the set of unmatched vertices connected to v by means of an

edge of maximum weight (namely, H

v

may include several vertices whenever there

are several edges with the same weight incident in v). For each u 2 H

v

, let W

v�u

be the sum of the weights of the edges connecting u to a vertex adjacent to v.

Then v is matched with the vertex u 2 H

v

for which W

v�u

is maximum among all

the vertices in H

v

.

� Heaviest Edge Matching (HEAV): proposed by Gupta [10], considers the

edges in order of decreasing weights (with ties broken randomly). It behaves

better than HEM and HEM* in the last coarsening steps, when the size of the

graph has been considerably reduced and thus the sorting on the weights is less

computationally costly. Moreover, it is more e�cient for graphs with unbalanced

edge weights, which happens also after some coarsening steps. Therefore, the best

strategy usually consists of applying one heuristic (e.g. HEM) during the �rst

levels and then switch to the HEAV heuristic during the last levels.

4.2 The Partitioning Phase

A partition of G

m

has been found in the literature by means of di�erent techniques, like

spectral bisection [1, 12, 23, 24] or geometric bisection heuristics [21]. Because the size

of G

m

is small (usually jV

m

j < 100), this phase is fast. In this paper, we consider two

algorithms for �nding a bisection of G

m

which are both based on the use of a greedy

routine (Differential-Greedy) followed by: i) a Tabu Search heuristic with �xed

prohibition (algorithmMultilevel-FTS), or ii) a randomized and reactive Tabu Search

scheme with a dynamic and history-dependent prohibition parameter (Multilevel-

RRTS).

Multilevel-FTS with the right prohibition obtains excellent solutions in very small

computing times. However, a suitable value of the prohibition has to be found through

a preliminary tuning phase. As it will be shown in Section 5.1, the right choice can be

determined o�-line by studying the curves of the cut size found by the algorithm as a

function of the possible prohibitions. In contrast, with Multilevel-RRTS, the choice

of the prohibition is no more a task of the programmer, but it is determined automat-

ically by means of a Scoring routine. Because of the processing time required by the

Scoring routine Multilevel-RRTS is slower than Multilevel-FTS (of course, if

one does not consider the preliminary \hand-made" tuning required by Multilevel-

FTS).

4.3 The Uncoarsening Phase

In order to design an e�ective multilevel algorithm, a fast and e�ective local re�nement

scheme is needed during the uncoarsening phase. The KL algorithm is satisfactory to
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�nd locally optimal solutions but, unless it is initialized with a good global partition, the

resulting local optima can be far from the global optimum. We re�ne the solutions during

the uncoarsening phase by means of Fixed-TS, a Tabu Search routine related to KL [2].

The main di�erences are that the KL concept of chain of tentative exchanges disappears

because the current solution is changed immediately after each move is selected, and

that worsening moves are also accepted (termination is only after a selected number of

iterations are executed). Given a solution X

(t)

at iteration t, Fixed-TS tries to improve

the solution by searching within the set N

A

(X

(t)

) of solutions close to X

(t)

(solutions

where a single node is exchanged between the two sets of the current partition) given

by:

N

A

(X

(t)

) = fX = � �X

(t)

such that LastUsed(�

�1

) < (t � T )g (1)

where LastUsed(�) denotes when the move � has been used for the last time ( Las-

tUsed(�) = �1 at the beginning). In other words, Fixed-TS only considers the

solutions that can be obtained from the current solution by applying a move whose

inverse move has not been used during the last T iterations. Additional details about

Tabu Search are explained in [2] and the �nal algorithm is illustrated in Fig. 2.

Multilevel-FTS

1 G

0

 G-�legraph;

2 level  0;

nn Coarsening Phase:

3 while ((level = 0) k (n

G

level

> 40 &&

4 n

G

level

< 0.85 � n

G

flevel�1g

&&

5 n

G

level

>

n

G

level

2

)) do

6 begin

7 G

flevel+1g

( Matching ( G

level

, matching method );

8 level  level+ 1

9 end

nn Partitioning Phase:

10 G

level

( Diff-Greedy;

11 G

level

( Fixed-TS(T

f

, 10 �n

G

level

);

nn Uncoarsening Phase:

12 for j  level downto 1 do

13 begin

14 G

fj�1g

( save-solution( G

j

);

15 if (j < 5) then G

fj�1g

( Fixed-TS( T

f

, 3 �n

G

fj�1g

);

16 else G

fj�1g

( Fixed-TS( T

f

, 8 �n

G

fj�1g

);

17 end

Figure 2: The Multilevel-FTS algorithm.
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5 Experimental Results

5.1 E�ect of the �xed prohibition on the performance

In order to determine the e�ect of the �xed prohibition on the performance, the solutions

found by applying the Multilevel-FTS algorithm described in Fig. 2, are studied as

functions of the prohibition parameter T . Some representative results are collected in

Fig. 3-6, where the cut size is shown as a function of the fractional prohibition T

f

.

The parameter T

f

is de�ned such that T = bT

f

nc, n being the number of vertices. The

results are averages over 100 independent executions (with di�erent seeds for the random

number generator). Only values for T

f

2 ]0; 1=4] have been considered. Indeed, because

of the problem structure, any 0-1 vertex assignment and its complement (with 0 being

substituted by 1 and vice-versa) both denote the same solution, with the two sets of the

bisection interchanged. Therefore a value of T

f

> 1=2 would imply that, after starting

from an assignment, one would reach after (T +1) iterations an assignment closer to the

complement than to the original one. The chosen threshold of 1/4 completely eliminates

these oscillations between an assignment and its complement.

From the experimental results one observes that the prohibition T does indeed have

a crucial e�ect on the performance. After considering the heuristically optimal cut for

the graphs in Fig. 3-6 (denoted by the straight line at the bottom), one observes that

low average cuts are obtained with the proper prohibition value, while very poor cuts

can be obtained if the T value is not appropriate. By analyzing the results, one can

determine the optimal T

f

, depending on the graph characteristics, such as their number

of vertices, number of edges, and average vertex degree. For examples, the curves for

the �nite element meshes and De Bruijn networks share a similar behavior: �rst, for

T

f

< 0:05, the average cut rapidly decreases, reaching very good average cut sizes; a

minimum is then reached for values of T

f

near to 0.05; �nally, the cut size gradually

increases. A qualitatively similar behavior is present in the results for the other graphs.

This common behavior can be explained as follows. As soon as a local minimizer

is reached along the search trajectory, all con�gurations within the attraction basin

associated to the given minimizer (the points that are mapped to the given point by the

local search dynamics) are not of interest for the optimization. In fact the cut values are

larger than or equal to the value at the local minimizer, by the de�nition of attraction

basin. Therefore the search algorithm should avoid wasting CPU time in the given

basin by activating some diversi�cation scheme. Ideally, diversi�cation should bring the

search trajectory su�ciently far from the local minimizer so that a new attraction basin,

possibly with a lower cut value, can be reached by a descending local search trajectory.

Tabu Search achieves diversi�cations through the prohibition mechanism [4]: the larger

T , the larger the Hamming distance that must be reached after starting from a given

con�guration before possibly coming back closer to the starting con�guration. If T is

too small, then the search trajectory can visit again an already visited point just after

few iterations, and thus the probability to escape from a local minimum is small. On

the contrary, if T is too big, after an initial phase only few moves are allowed, and the

degree of freedom in choosing moves is limited. Of course, the appropriate T is related

to the typical size of the attraction basins around the local minimizers. Because the size

is not known a priori, either the value has to be determined from o�-line experiments,

or through some simple automated tuning (i.e., learning) scheme.

If one considers the matching methods used in the coarsening phase, one observes
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that the curves shown in the �gures present the same behavior for all the three matching

heuristics (HEM, HEM*, and HEAV).

From the obtained results (Fig. 3 - Fig. 6) one can derive some conclusions. For

all the �nite elements meshes, the values of T

f

leading to the best results are always

less than 0.1. In fact, most of these values fall within the interval [0.03, 0.07]. Thus in

general it is convenient to use either T

f

= 0:05 or T

f

= 0:06, because these prohibitions

always lead to very good bisections. For the correspondent dual graphs, the fractional

prohibition giving the best results is slightly larger: in these cases it is convenient to

choose T

f

2 [0:05; 0:08]. Instead, for the De Bruijn networks and random graphs the

optimal T

f

is 0.07. Finally, the best cuts for the matrices are obtained with even larger

values of T

f

(but always smaller than 0:15).

5.2 Multilevel-FTS

Based on the results described in the previous section, we applied theMultilevel-FTS

algorithm using a fractional prohibition such that: T

f

= 0:05 for the �nite elements

meshes, T

f

= 0:07 for their corresponding dual graphs, as well as for the random and

De Brujin graphs, and T

f

= 0:1 for the sparse matrices. The statistics of 100 executions

of Multilevel-FTS are reported in Fig. 7.

Each execution is characterized by a di�erent random value (let us recall that the

greedy routine is based on an initial random choice and thus di�erent bisections can

result depending on the initial choice). In Fig. 7 one reports, for each matching heuristic,

the minimum and average cut of 100 independent executions of Multilevel-FTS.

Moreover, the best min cut over the three matching heuristics is shown in yellow (gray

for b/w printers), while the best average cut is shown in green (dark gray for b/w

printers) . The computing times in seconds are the average CPU times for each single

execution on a SUNW Ultra-2 Sparc Sun4u with SunOS Release 5.5.1 operating system.

Finally, Fig. 7 reports the best cuts known up to now (on the Best column), obtained

from Monien and Diekmann [6]. One observes a considerable improvement on the cut

size for the �nite elements meshes, their corresponding dual graphs, and the random

graphs: in eleven cases the Best value is improved. On the contrary, the Best value is

never achieved for the De Bruijn graphs. It is worth noting that for crack-dual and all

the three matching heuristics even the average cut remains below the best cut known

until now. Finally, one can observe that there is no matching heuristic which gives

signi�cantly better cuts with respect to the other two and that the computing times are

comparable for all the three matching heuristics.

5.3 Randomized and Reactive Prohibition: Multilevel-RRTS

Consider now theMultilevel-RRTS algorithm, which uses a randomized and reactive

(i.e., based on feedback) choice of the prohibition. In this way, the choice of the right

prohibition is done by the algorithm itself via a \scoring" routine, and no tuning is

needed by the programmer. The Multilevel-RRTS algorithm can be obtained from

that of Multilevel-FTS simply by changing the way in which the bisection of the
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smallest graph is computed, namely, by replacing lines 10-11 of Fig. 2 with the follow-

ing line:

G

level

( RRTS(iterations, individual);

In other words, the bisection ofG

level

is now computed by means of theRRTS (Reactive-

Randomized-Tabu-Search) routine. All the details of this routine can be found in

[2].

Fig. 8 reports the results of 100 executions of Multilevel-RRTS where, in the

partitioning phase, RRTS is executed with parameters iterations = 100 �n

G

level

and

individual = 10 �n

G

level

. As before, Fig. 8 reports the min cut over100 executions, the

average cut, and the average CPU times for a single execution. By observing the �gure,

the same considerations of the previous section can be con�rmed. Again, no matching

heuristic behaves better than the other two heuristics.

Conclusions

In this paper two new multilevel algorithms for graph bisection have been presented,

which di�er from the previous multilevel algorithms because of the novel heuristics

used during the partitioning and uncoarsening phases. In particular, the Diff-Greedy

technique previously proposed by the authors is used to generate a �rst solution on the

coarsened graphs, while two versions of a prohibition-based local search (Tabu Search)

are used in the re�nement steps, leading to the Multilevel-FTS and Multilevel-

RRTS algorithms. While the prohibition parameter T is �xed in the �rst case (and

therefore it must selected by a preliminary o�-line tuning phase for the di�erent graph

kinds), it is dynamic and determined in an automated and on-line way in the second case.

In this way the explicit tuning by the user is avoided and the T value can change during

the search depending on the properties of a speci�c task. The new algorithms were

successfully tested on a collection of benchmark graphs arising from various applications

in the area of parallel computing, leading to improvements in the best known cut values

for many graphs, especially for 2D �nite elements meshes.
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Figure 3: DEBR12 partitioned by the Multilevel-FTS algorithm, using the HEM, HEM*, and

HEAV matching heuristics.
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Figure 4: whitaker3 partitioned by the Multilevel-FTS algorithm, using the HEM, HEM*, and

HEAV matching heuristics.
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Figure 5: whitaker3 dual partitioned by the Multilevel-FTS algorithm, using the HEM, HEM*,

and HEAV matching heuristics.
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Figure 6: bcsstk13 partitioned by theMultilevel-FTS algorithm, using the HEM, HEM*, and HEAV

matching heuristics.
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Figure 7: Results of Multilevel-FTS using the HEM, HEM*, and HEM+HEAVmatching heuristics.
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