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Abstract—In this paper we discuss some possible ways to combine the outputs of a set of neural network classifiers
to reach a combined decision with a higher performance, in terms of lower rejection rates and /or better accuracy
rates. The methods considered range from the requirement of a complete agreement among the individual classifications
to election schemes based on the distribution of voves collected by the different classes. In addition, the rejection
rules based on the different output classes can be complemented by rules that also consider the information in the
individual output vectors, with the possibility of using threshold requirements and that of averaging the different
vectors. Although the Bayesian framework and some probabilistic assumptions provide useful indications about the
potential advantage of different combination schemes, the combined performance ultimately depends on the joint
probability distribution of the outputs, and it can be estimated by joining the results of different nets on the same
test set. The combination methods are very flexible, they permit a straightforward cooperation of neural and traditional
recognizers, and they are appropriate in a development environment where experiments are performed with different
kinds of nets and features for a selected application. From our experiments in the field of handwritten digit recognition
(up to a total of more than 50,000 characters), we found that the use of a small number of nets (two to three) with
a sufficiently large uncorrelation in their mistakes reaches a combined performance that is significantly higher than
the best obtainable from the individual nets, with a negligible effort afier starting from a pool of networks produced
in the development phase of an application. In particular, for a real-world OCR application, the best accuracy
increase is about half the increase in the rejection rate, so that accuracies of the order 0of 99.5% can be reached by
rejecting less than 5% of the patterns. This performance is significant for real applications.

Keywords—Modular neural networks, Multilayer perceptron, Bayesian classification, Accuracy-rejection trade-off,

Optical character recognition.

1. INTRODUCTION

In many practical applications of recognition systems,
the desired accuracy rate can be obtained only by re-
jecting a fraction of the patterns. It is evident that the
system should reject the patterns that have a high prob-
ability of being wrongly classified because these are the
patterns that degrade the accuracy. Different rejection
criteria have been used for recognition systems based
on neural nets (LeCun et al., 1989) for an application
to zip code recognition. In this paper we analyze the
classification of independent networks and consider the
disagreement between them as the symptom of an un-
certain classification. Each net is assigned a vote. Dif-
ferent voting schemes position the combined multiple-
network system on different points of the rejection—
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accuracy plane, and the final selection of the best system
is based on the requirements of the specific application.

A theoretical basis of these rejection schemes can be
obtained from Bayes’ decision theory and from the re-
sults stating that the outputs of multilayer perceptron
neural nets approximate posterior probabilities for the
different classes (Ruck et al., 1990; Wan, 1990). For
all recognition systems, including neural nets, the
probability of an accurate classification cannot be larger
than the Bayesian limit.

Let P(w; ) be the a priori probability for the ith class
(i=1,...,0), p(x|w;) be the state-conditional prob-
ability density. Then the posterior probability P(w;|x)
can be computed from p(x|w;) by Bayes rule:

p(x|w;)P(w;)

P(w;|x) = P(x) -

where the global probability density p(x) can be ob-
tained as:

C
p(x) = 2 p(x|w;)P(w;) (1)

=1
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Considering a task with C classes, and a classifier par-
titioning the input space in C decision regions R;, so
that the patterns in region 7, are associated to class
w;, the probability density of a correct classification at
point x in region R; is p(x|w;) P(w;), the term in the
sum ( 1) that belongs to class w;. After integrating over
the different regions and summing the contributions
(Duda & Hart, 1973) the global probability of a correct
recognition is:

C
P(correct) = Ef p(x|w;)P(w;) dx (2)
=1 YA

The Bayes classifier maximizes this probability by
choosing the regions so that the integrands are maxi-
mum, that is, by assigning a pattern to the class w; that
maximizes p(x|w;)P(w;). By Bayes’ rule p(x|w;)P(w;)
is proportional to p(w; | x), the posterior probability of
class w; given the input pattern x so that one may as
well maximize the latter quantity over i.

The Bayes’ theoretical performance can be reduced
by erroneous estimates of the probabilities from a finite
number of samples (i.e., generalization errors) and by
mistakes in the data acquisition and/or preprocessing
phase. Considering, for example, a character recogni-
tion task, it is possible to choose appropriate input fea-
tures so that the probability densities p(character|x)
are almost nonoverlapping ( for each pattern x there is
a clear-cut winning class), and therefore the Bayesian
limit is close to one. Nonetheless, the performance of
arecognition system can degrade in tests with a different
writer or with different writing styles (generalization)
or with wrongly segmented or wrongly normalized
characters (preprocessing). Particularly in the last case,
diagnosing the problem can be preferable to providing
an unreliable classification: a complete recognition
system could in this case amend the segmentation or
normalization.

In the following, first we introduce the rejection-
accuracy plane as a tool for discussing the trade-off be-
tween accuracy of classification and fraction of accepted
patterns, and derive the criterion for the optimal
(Bayesian ) rejection (Section 2). Then we discuss dif-
ferent methods to combine the outputs of a team of
classifiers, ranging from probabilistic schemes (Section
3), to unison or majority schemes, based on the agree-
ment of all or the majority of the votes in the poll,
respectively (Sections 4 and 5). Finally, we review some
rules for using the analog output activation values of
the networks, in addition to the winner-takes-all clas-
sification, for the final decision (Section 6), and discuss
the effects of averaging the outputs of several nets (Sec-
tion 8).

For each of the above topics, a set of experiments
has been executed to complement the theoretical anal-
ysis. In particular, we present a test of the Bayesian
criterion for a multilayer perceptron neural net trained
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on a Gaussian mixture distribution in Section 2.2 and
three sets of tests in the handwritten optical character
recognition (OCR) domain, on training and test sets
of increasing size and interest for real-world applica-
tions. The OCR experiments test the unison (Sections
4.4 and 4.5) and majority schemes (Section 5.1), the
use of previously defined schemes plus the analog out-
put values for networks using the same set of features,
and the back propagation training algorithm (Section
7) and the use of network averaging (Section 8).

2. THE ACCURACY-REJECTION
COMPROMISE

Let us consider classification systems composed of
multiple networks. To avoid unnecessary complications
we use the following notation for the probabilities as-
sociated to events: p(event,, event,, . . .) is the proba-
bility that event, and event, and . . . happen. For ex-
ample, p(w;, w,, equal) is the probability that the re-
sponses of both classifiers 1 and 2 are wrong and that
the output classes are equal. The specific p( ) function
is uniquely identified by its arguments.

In the following, we consider an abstract description
of a classifier as a system that processes a vector x of
inputs and provides both a decision (i.e., a class) and
a binary value about the confidence in the classification.
If the confidence flag is set to zero (uncertain response),
the pattern is rejected by the classifier. The performance
of a classifier can be described by a point in the rejec-
tion-accuracy plane (briefly R-4), that is, by its prob-
ability of an accurate response, given that the input
pattern is accepted: A = p(correct|accept), and by its
probability of rejection R = p(reject). Note that the
accuracy is always conditional to the acceptance of the
pattern. If several classifiers are involved, we define R;
= p(reject; ), and A; = p(correct; | accept; ), for the ith
classifier.

In general, the R-A values depend on the internal
parameters of the classifier. By varying these parameters
one obtains the accuracy as a function of the rejection
rate: A(R), a function that depends on the specific re-
jection scheme. The A(R) function is increasing with
R if a growing fraction of the accepted cases consists
of correctly classified patterns.

The R-A coordinates introduce a partial ordering of
different classifiers: classifier X is better than classifier
Y if it has both a greater accuracy and a smaller rejec-
tion. In the other cases (for example if X has greater
accuracy but also greater rejection than Y'), the pref-
erence is decided by a compromise between the two
requirements of high accuracy and low rejection. In-
troducing a parameter A regulating the relative impor-
tance of the two requirements, the optimal classifier for
agiven apgelfication can be defined as the one that max-
imizes U = A — AR with A = 0. In Figure 1 (left) we
illustrate graphically how the gradient of the compro-
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mise function U, equal to (—A, 1), introduces a com-
plete ordering of the classifiers, apart from ties. Other
performance criteria can be based on the simultaneous
satisfaction of two inequalities of the type: 4 = Ay,
and R < R (Figure 1, right).

2.1. Optimal (Bayesian) Rejection

If an application needs a higher accuracy than the
Bayesian limit of eqn (2), one needs to reject the pat-
terns that belong to a portion of the input space. Now,
at a given point x in the input space, the relative pro-
portion of patterns belonging to the different classes is
p(a; |x), and the optimal fraction of correctly classified
patterns is equal to max; p(w; |x). As the fraction of
rejected patterns increases, it is natural that the patterns
to be rejected first are those with a low probability for
the winning class (i.e., for the class with the maximum
Qrobablhty) These patterns are in regions of the input
space where the distributions for the different classes
are overlapped.

Let us consider a threshold criterion for accepting
patterns such that the threshold Tccep is constant (i.e.,
independent of x). In general, at a given rejection rate,
the best accuracy can be obtained by accepting only
the patterns for which the maximum probability
p(w;|x) is greater than or equal to a threshold Ticcept-
The acceptance criterion for x can be reformulated as:

¢ max p(w;]X) = Tageeps 0T
I

max; [ P(w;)p(x|w;)]
p(x)

= Taccepx (3)

where Bayes’ rule is used to transform one relation into
the other, and p(x)is equal to = §-; P(w)p(x|wy), the
cumulative probability density.

By increasing Ty, larger portions of the input
space are assigned to the rejected region &2. A short
demonstration of the optimality of the threshold-based
rejection of eqn (3) is presented in Appendix A.

When the threshold T is increased so that new
points are rejected, a first-order approximation to ratio
AA/AR is given by:

FIGURE 1. Selection of the optimal classifier (point O in d't”he
rejection-accuracy plane), based on: (left) maximizing % = A
— AR with \ = 0 and (right) applying thresholds to A and R.
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Ap(correct|accept)

Ad/AR = Ap(reject)
1 [ max;p(w; | x)p(x) dx

~ placcept) Jap(x)dx
Jar max;p(w; |x)p(x) dx
C Japax
where A is the currently accepted region and AR is
the new portion of the input space that is going to be

included in the rejection region (see Appendix A for
additional considerations).

2.2. Neural Nets to Realize Optimal Rejection

Recently, it has been demonstrated that multilayer per-
ceptrons (MLPs) can be used to estimate the proba-
bility densities p(w; |x) from a finite set of examples
(Ruck et al. 1990; Wan, 1990). By using this result
and the optimality of the threshold-based rejection cri-
terion of eqn (3) one should obtain a close approxi-
mation to the optimal 4(R) curve by usmg thresholds
on the network output values.

Here we present a detailed example by calculating
the optimal rejection-accuracy values and comparing
them to those obtained with thresholds on the maxi-
mum output value of a MLP classifier. We consider a
case in which the pattern distribution is a mixture of

! Gaussian densities. The samples are assumed to be

,’ generated by selecting a prototype w; with probability
P(w,) and then selecting a pattern x with a normal
(Gaussmn) probability p(x|w;). A general multivariate
normal density in d dimensions can be written as:

p(x) = exp f%(x—m)'z*%x—m)] (5)

|
(2m)9?| 2|12
where m is the mean vector (m = E[x]) and Z is the
covariance matrix (2 = E[(x — m)(x — m)‘]).

We now present a two-class discrimination experi-
ment derived from Burrascano (1991), where each class
has the same probability and is described by a mixture
of Gaussian densities. The first class is described by a
Gaussian distribution elongated along the y axis, the
second one is given by the mixture of two Gaussians
displaced in the x direction. After introducing the one-
dimensional distribution:

(v— M)"] 6)

N(v, u, 0) = (27r02)"’zexp[— 2

20

that is a Gaussian with mean p and variance o2, the
probability densities for classes 1 and 2 are:

p(x, ylclass = 1) = N(x, 0, 6)N(y, py, 20)

= $[N(x, px, 0)
+ N(X, = px, 0)IN(y,

p(x, y|class = 2

“Hy, ")-
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The values for the parameters are o = 0.1, u, =
1.188¢, and p, = 2.325¢. The distributions for the two
classes are illustrated in Figure 2.

The degree of certainty in the classification (i.e., the
value max; p(w; |x) as a function of the input coordi-
nates) and the Bayes optimal rejection regions defined
by eqn (3) are shown in Figure 3, where the contours
correspond to increasing values of the T,cc,y threshold.

The Bayes R-A values have been calculated by a nu-
merical integration on the accepted regions determined
by four values of the threshold T,c. This optimal

FIGURE 2. Test with Gaussian mixtures: distribution for class
1 [p(wy)p(x|wy), above] and class 2 [p(wz)p(Xx|w;), below].
Class 1 is described by a single Gaussian, class 2 by the su-
perposition of two Gaussians symmetrically displaced along
the x axis. Equally spaced contours with Az = 0.2. The view is
taken in the X — Y region [ 0.5, 0.5] X [-0.7, 0.9].
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-0.25

-0.4 -0.2 o 0.2 0.4

FIGURE 3. Gaussian mixture example: three-dimensional plot
of max, p(w;|x) (top) and border of the rejection region for
increasing values of the threshold 7,..., €qually spaced from
0.5 to 0.95 (bottom). Dark regions correspond to uncertain
classification, that is, low values of max; p(«;|x). The view is
taken in the X -Y region [-0.5, 0.5] X [-0.7, 0.9].

result! is then compared with the one obtained by a
multilayer perceptron neural network, with a rejection
criterion based on a threshold on the maximum acti-

! In detail, after introducing the function #(x) that is equal to |
if x = 0 and 0 otherwise, and remembering that P(1) = P(2) and that
our distributions are symmetrical with respect to the vertical axis,
we computed the integrals: p(accept) = [0 [*® 9{max[p(x,
Y10, p(x, p12)1/ 100, Y1) [0 + p(x, 912) [0 *1 = Tacermn } [P(,
yI1) + p(x, ¥12)] dx dy and p(accept, corr) = [2)° [7*®
0{max[p(x, y|1), p(x, y12)1/1p(x, Y| D f;25° + p(x, ¥12) e ™1
— Tooepe  maxp(x, y| 1), p(x, y|2)] dx dy. The numerical integration
has been executed with the Mathematica® software with an accuracy

of at least three digits.
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vation value. This method is justified by the interpre-
tation of the output values as estimates of the posterior
probabilities for the different classes and by the use of
eqn (3). The network has the architecture 2-3-2, with
the two output units coding for the two classes: (1, 0)
for class one and (0, 1) for class two. The network is
initialized with small random weight values in [—0.5,
0.5] and trained for 50,000 on-line iterations (learning
rate = 0.2). The trained network is then tested on a
disjoint set with 10,000 samples extracted from the
distribution. In Figure 4 we compare the A(R) curve
obtained in the case of a learning set composed of 50
and 1000 samples, respectively, for three different values
of the random seed. The learning sets for each test are
randomly extracted from the statistical distribution of
the two classes. In the case of 1000 training samples,
the A(R) curves have a small standard deviation and
are close to the optimal ( Bayesian) curve.

100

Accuracy

~—®— Bayes
o 50
a 50#2
° 5043
92 T T
] 20 40

Rejection

A

100

Accuracy

——&— Bayes

a 1000 #1
o4 4 1000 #2
b o 100043
93 T
o 20 40
Rejection
B

FIGURE 4. Multilayer perceptron for the Gaussian mixture dis-
crimination. A(R) curves for three learning sessions (different
initialization and different patterns extracted from the distri-
bution), based on 50 (A) and 1000 examples (B). Learning
with on-line back propagation (50,000 pattern presentations,
learning rate = 0.2). The A(R) curve with 1000 examples is
close to the Bayes optimal curve.
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3. PROBABILISTIC COMBINATION OF TWO
CLASSIFIERS

If more classifiers are available for the same task, pos-
sibly with different input features extracted from the
raw data, one can build team classifiers, in analogy
with the human way of reaching a pondered decision
after consulting a team of experts. In the following we
consider teams composed of independently trained net-
works and investigate some of the possible voting
schemes in order to combine the individual classifica-
tions. By varying the members of the team and the
voting scheme, one obtains a cloud of points in the R-
A plane. If the performance function is given by U (see
Figure 1), it is possible to limit the consideration to
the upper-left vertices of the convex hull of this set.

We consider now a team classifier with a probabi-
listic selection scheme, so that the response of the team
becomes equal to the response of the ith member with
probability P;. In particular, to simplify the notation,
we consider the case of two classifiers characterized by
parameters (R,, A4,), (R,, 4,). Without loss of
generality? we further assume that 4, > 4, and R, >
R,. By varying P, (clearly P, = 1 — P,) one obtains a
series of classifiers with R-4 parameters (Rieams Ateam)
given by the following equations:

Rteam = p(rejeCtleam) = PlRl + P2R2 (7)

P(COITECt cam » ACCEPL1cam)
Ateam e
p(acceplicam )
_P(1 = R)A + Po(l — Ry)4y
1 - P1R| - P2R2 ’

(8)

The equations are obtained from the definition of
conditional probability and the sum of probabilities for
disjoint events. The admissible R-A values from the
combination of two classifiers with parameters equal
to(R, =0.0,4, =0.5), (R, =0.5, 4, = 0.9) are shown
in Figure 5.

The function A(R) has a positive second derivative
in the intermediate region and therefore the optimal
points correspond to one of the original classifiers in
the case of the compromise performance function given
by . On the contrary, the combination can be useful
if the required accuracy is between 4, and A, and the
allowed rejection is between R, and R,. In this case,
with a negligible overhead for the probabilistic choice,
the combined classifier can satisfy the requirements.

It is interesting to consider the difference 6(P,) be-
tween the A4 value on the segment joining the two points
of the original classifiers, and the A value for the com-
bined classifier, as a function of the probability for se-
lecting the first classifier:

2 The other cases are either symmetric or not interesting because
one of them is always better considering U.
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1.0

Accuracy Rate

Rejection Rate

FIGURE 5. Admissible rejection—-accuracy values for the prob-
abilistic combination of two classifiers at points [1] and [2] in
the R-A plane.

0(P)) =P A, + P24,

_ Pi(1 = R4, + P(1 — R4,
1 — PR, - P,R,

}. (9)

By introducing the quantities A4 = (A4, — 4,) and
AR = (R, — R,) we can transform the above expression
into:

(10)

8(P) = AA( P PAR )

1— PR, — PR,

The denominator (1 — P, R, — P, R;) can also be writ-
ten in the form [P;(1 — R;) + P»(1 — R;)]. Because
AA and AR have the same sign, the function é(P,) is
positive for P, € [0, 1] and it is maximized for:

V(1 —R)(1 —Ry) —(1 = Ry)

= (R: = R)) (b

For the case illustrated in Figure 5, the maximum
value 6 = 0.068 = (0.17AA4) is reached for P, = 0.414:
this is the maximum error if the linear approximation
(A =P A, + P,A,)is used. For a realistic combination
of OCR classifiers (see the following sections) with R,
=0.0, 4, = 0.96, R, = 0.1, A, = 0.998 the maximum
error § = 0.001 = (0.026A A4) is reached for P, = 0.486.
In this case, the difference with the linear approxima-
tion is negligible in practice.

In the example presented above only one classifier
was consulted for a given input pattern (after the prob-
abilistic choice), in the following part we present strat-
egies that consider the output values of several classifiers
for each classification.

4. THE UNISON SCHEME FOR MULTI-NET
CLASSIFIERS

As a starting hypothesis, let us assume that the indi-
vidual classifiers do not have any rejection flag. The
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rejection is based only on the comparison of the outputs
provided by the set of classifiers. Let us define as output
class or response of a MLP neural network the index
of the output unit featuring the maximum output for
a given input pattern.

The basic assumption of our work is the following:

ABA (accuracy by agreement): if more networks
agree on their classification, the chance that the clas-
sification is accurate increases.

In other words, an inaccurate classification is sig-
naled (with a high probability) by the disagreement
between the responses of different networks. The as-
sumption is motivated if the different networks tend to
produce uncorrelated mistakes. If a pattern of class X
is wrongly classified as belonging to class Y, the chance
that other networks wrongly classify it as belonging to
a different class Z must be substantial. This can occur
if there are many possible output classes with complex
decision boundaries, for example, if the various net-
works have different input features, architectures, ini-
tializations, or learning algorithms.

In the Introduction we hypothesized two causes for
wrong classifications: mistakes during the feature ex-
traction phase and generalization errors (plus errors
caused by the superposition of the true probability dis-
tributions if these are not separated). Now, if a wrong
classification is caused by a mistake in the feature ex-
traction phase, the network output will tend to be ran-
dom and ABA is justified. If a wrong classification is
caused by a pattern that is distant from the examples
presented during the training stage, and if the class
boundaries are complex, there will be a high probability
that this pattern will end up in different decision regions
for different networks.

Motivated by the above reasons, we consider ABA
as a working hypothesis for our derivations, noting that
specific recognition tasks will require some modifica-
tions. For example, in character recognition, the con-
fusion between digits 3 and 9 tends to be higher than
the one between 3 and 1, at least for features extracted
from the original image by local receptive fields. None-
theless, ABA is justified if there are more than two con-
fusion classes (for example 3, 9, 5, 6), if the features
for different nets are different, or if many errors are
caused by preprocessing mistakes.

4.1. Common Consent (Unison) Rules oK

Let us start by considering two networks. We are in-
terested in four possible outcomes of the classification.
The network responses can be:

i) all correct, and therefore all equal, event (¢, ¢,),
ii) all wrong but all equal, event (w;, w,, equal),
iii) all wrong and unequal, event (w;, w,, unequal),
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iv) one correct and one wrong, event (c;, w,) or (w,,
Cz).
The unison scheme accepts a pattern iff the two re-
sponses are the same. We obtain the following proba-
bilities for the composite network:

placcept) = p(cy, ¢2) + p(w,, w2, equal),  (12)
p(correct, accept)
p(accept)

_ pler, )
plcy, c2) + p(w,, w,, equal) *

p(correct|accept) =

(13)

In fact, events of the type (¢, w, ) are always rejected
because the response class cannot be equal. It is
straightforward to generalize to the case of N networks,
obtaining the following R-A values:

Rzl_p(cl’cz""»cN)
= p(wy, wa, ..., wy, equal) (14)
— plci, &, . -5 CN)
pler, €y ..o, en) + p(wy, wa, ..., Wy, equal)
Wy, Wa, ..., Wy, equal
z1_17(1W2 v, equal) (15)
p(ChCZs*"acN)

where the last approximation is valid for a high signal-
to-noise ratio, that is, for p(w,, w,, ..., wy, equal) <
p(cy, ¢, . . ., cy). For hypothesis ABA to be valid, the
probability p(w;, ws, . .., wy, equal) must be a small
quantity, decreasing as the number of classifiers in the
team grows.

In general, the performance of the unison scheme
depends on the joint probability distribution for the
output responses produced by input patterns extracted
from the different classes. From an operational point
of view, a specific scheme can be evaluated by combin-
ing the responses provided by the individual networks
on a suitable test set and by calculating the probabilities
needed in eqns (14) and (15). If the individual re-
sponses are available, the evaluation is trivial and re-
quires a negligible effort, so that the actual test is sug-
gested for a general recognition problem.

In Sections 4.2 and 4.6 we will investigate the pos-
sible performances that can be obtained after making
some strong assumptions about the independence of
the different nets and the distribution of mistakes. This
permits estimates that depend only on the individual
probabilities.

4.2. Independent Confusion oF

Let us start by assuming that the distribution of con-
fused cases among the different classes is known. For
each classifier » in a team of N classifiers let us define
Dn(w;| w;) as the conditional probability that a pattern
is recognized as belonging to class w; given that the
correct class is w; . The probabilities describe both the
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accuracy for the different classes and the spread of the
wrong classifications among the incorrect classes.
Probabilities of events with no indices refer to events
of the composite classification system: R = p(reject)
= p(rejeCtteam) .

We now quantify the results that can be obtained
by the combined system in the approximation of in-
dependence among the different networks, so that the
probability of a set of output responses given an input
class is the product of the individual probabilities:

p(wy, wa, ..., wy, equal)

c c N
=2 Pw) Z [Hpn(w,-lw,-)], (16)

i=1 j=tij#i Ln=1

c N
(Wi, wa, .., WN) = ZP(wi)Hpn(wronglwi)

i=1 n=1

N
P(wi)H [1 = pa(wile)], (17)

i=1 n=1

Ma

N
P(wi)HPn(wi|wi)~ (18)

n=1

IMa

p(c1, 6, 0N) =

From the above equations it is straightforward to
derive estimates for the accuracy and rejection proba-
bilities in a system composed of several classifiers.

4.3. Training and Test Sets

The task of OCR is both relevant for the applications
and interesting as a benchmark of various classification
techniques, including neural nets (see Sabourin & Mi-
tiche, 1992, for recent results of omnifont type-written
OCR and LeCun et al., 1989, for an application to
handwritten zip code recognition ). Our tests are in the
domain of handwritten digit recognition. We describe
the results of integrating up to five MLP neural nets,
trained with on-line back propagation (Rumelhart,
Hinton, & Williams, 1987), with different architectures
and different input features extracted from the raw data,
and a network trained with the learning vector quan-
tization (LVQ) technique (Kohonen, 1990). The raw
training set is composed of 6,496 images of handwritten
digits (28 X 16 binary pixels), produced by several
different writers, and the disjoint test set contains
12,981 images.

The architecture and individual performance on the
test set of the six nets are as follows:

mlpl 28 input nodes, 28 hidden, 10 output. 4 =
94.71%.

mlp2 48 input nodes, 28 hidden, 10 output. 4 =
94.60%.

mlp3 32 input nodes, 64 hidden, 10 output. 4 =
93.17%.

mlp4 56 input nodes, 32 hidden, 10 output. 4 =
94.97%.
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mlp5 45 input nodes, 45 hidden, 10 output. 4 =
94.83%.

lvql 1000 codebook vectors, trained with an op-
timized LVQ algorithm.> 4 = 94.68%.

The features for mlpl and lvql are obtained by di-
viding the original image into windows of dimension
4 X 4 and counting the number of black pixels in each
window, normalized to obtain a value in the range [0,
1]. The features for mlp3 are obtained in the same way,
from a larger number of 4 X 4 windows, each having
an overlap of one pixel with the neighboring ones. For
mlp4 the windows have dimension 4 X 2 and their total
number is therefore doubled with respect to mlp1. mip2
is trained with multiscale features extracted from over-
lapped windows of varying size (two of dimension 16
X 16, 10 of 8 X 8 and 36 of 4 X 4). All the previous
features were based on gray pixels, that is, numbers in
[0, 1] proportional to the number of black pixels in a
window. On the contrary, the input data for mlp3 are
obtained in a more complex way, using the crossing
count and stroke proportion of different regions and
peripheral features. These features have been adapted
from those used by Zhang et al. (1989) for Chinese
character recognition, to which the reader is referred
for a detailed description.

Some examples of digits randomly extracted from
the test set are shown in Figure 6, together with the
features extracted for mlpl.

4.4. Testing the Unison Strategy—Independence
Assumption

To simulate a situation with a high probability of mis-
takes caused by the presence of high noise levels in the
input data, the original test patterns for nets mlpl,
mlp2, and mlp3 have been randomly substituted (with
a 50% probability) with random patterns in the range
1{0? !}. In this case, the individual accuracy rates for
mipl, mMIpZ, anQ mip3 are >2.17%, >1.Y1%, and
51.66%, respectively, so that rejecting the noisy patterns
is crucial in order to provide a meaningful response.

In Table 1 and Table 2 we show both the observed
R-A values together with the observed frequencies of
the relevant events, and the values calculated from eqns
(16~18) for the unison combination of the two nets
mipl & mlp2 and of the nets mlpl & mlp3.

Note the significantly higher accuracy of the second
combination (4 = 87.71%) with respect to the first
combination (4 = 82.34%). This confirmed our ex-
pectation that combining mlp1 with mlp3, which uses

3 LVQ_PAK: The Learning Vector Quantization Program Package.
Version 2.0 (January 31, 1991). Prepared by the LVQ Programming
Team of the Helsinki University of Technology, Laboratory of Com-
puter and Information Science, Rakentajanaukio 2 C, SF-02150 Es-
poo, Finland. Copyright (c) 1991.
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FIGURE 6. Examples of handwritten digits extracted from the
test set: binary images and gray pixels features extracted from
4 X 4 windows (intensity proportional to value).

a complex and radically different set of features, should
be more effective than combining it with mlp2, which
uses features extracted with the same method, although
from different windows.

The method that bases the rejection on the output
disagreement is illustrated in Figure 7, together with
the pie-charts corresponding to the above results.

4.5. Testing the Unison Strategy—General Case

We tested various combinations of the nets described
in Section 4.3. From the results, it is evident that a
considerable boost in the system accuracy can be ob-
tained from the integration of several classifiers (see
Figure 8 for a summary of results).

In particular, the largest jumps in the accuracy tend
to be obtained for the integration of networks using
qualitatively different input features. For example, the
integration of mlpl (gray pixels, trained with back
propagation ), mlp3 (crossing counts, stroke proportion,
and peripheral features, trained with back propagation)
and lvgl (gray pixcls, trained with the learning vector
GRARGTRUEAR RIGAFHRERY FeACREE IRE REHBFRAREE B3
rameters (R = 11.75%, A = 99.48%). The global ac-
curacy is increased by 4.77% with respect to the best
of the three networks (mlpl ) and by 6.31% with respect
to the worst (mlp3). The incremental ratio with respect

TABLE 1
Combination of Two Nets (mip1 & mip2)
to Reject Noisy Patterns

Theoretical Experimental

p(cs, ¢2) 27.38% 28.58%
p(wy, wo, equal) 5.38% 6.13%
p(w;, wp, unequal) 17.91% 18.37%
p(cq, wa) + p(wy, Co) 49.31% 46.90%
p(equal|w,y, wy) 23.11% 25.02%
p(reject) 67.60% 65.28%
p(correct |accept) 83.59% 82.34%
AA[AR 0.46 0.46
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TABLE 2
Combination of Two Nets (mip1 & mip3)
to Reject Noisy Patterns

Theoretical Experimental

p(cy, Co) 27.02% 27.54%
p(w,, wz, equal) 3.68% 3.85%
p(wy, wp, unequal) 19.51% 19.85%
plcy, wa) + p(wy, C2) 49.77% 48.74%
pl(equal|w,, wy) 15.89% 16.27%
p(reject) 69.38% 68.60%
p(correct|accept) 88.00% 87.71%
AAJAR 0.51 0.51

to the initial situation of mlp3 is A4/AR = 0.53 (see
the arrows in Figure 8). Let us note that effective com-
binations do not require a large number of nets. In the
test case, most of the advantage is gained by going from
a single- to a double-net system, although a relatively
small gain is obtained by adding a third net.

The performance characteristics in the previous tests
are better than those that can be obtained from a single
net by adding a threshold-based rejection mechanism.
In Figure 9 we compare the range of possible R — 4
points obtained by requiring that the maximum output
value be higher than a specified threshold (see the thin

Rejection Based on Output Disagreement

ACCEPTED

all correct

some correct, some wrong

REJECTED

A

Experiment (1+2)

Experiment (1+3)
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line in Figure 9). Slightly better results are obtained
by adding a second threshold on the difference between
the maximum output and the second maximum
(thres_diff = 0.2 in this case) (see the thick line in
Figure 9).

The underlying hypothesis that the different net-
works tend to provide different responses when their
classification is wrong is confirmed by the analysis of
the distribution of the erroneous recognitions among
the different classes. In Figure 10 we plot the observed
relative frequencies with which three digits (0, 1, and
2) are confused with the other digits, for three different
nets. For example, the digit 1 tends to be erroneously
recognized as 7 by mlipl and mip3, and it tends to be
wrongly classified as 4 by net mlp2 (the writing style
of the data base is Italian, so that, with respect to the
US style, digit 1 has an upper stroke and digit 7 a middle
stroke cutting the vertical segment).

4.6. Uniform Confusion

In addition to the independence hypothesis of Section
4.2, let us assume that, in the case of an erroneous
response, the output class is distributed with equal
probability over the (C — 1) possible wrong classes and

Single net

[] ofall comect)

olall wrona. eauall

oall wrona. not eaual)

§1  psome correct, some wrong)

N

Statistical Prediction (1+2)

Statistical Prediction (1+3)

FIGURE 7. lilustration of (A) the disagreement-based rejection and (B) results for the combination of two nets on the noisy OCR

problem.
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FIGURE 8. Unison rule for two and three nets. The accuracy
gains (for larger rejection rates) are illustrated by arrows.

that this output is independent for the different net-
works. In this case, the probability of an equal response,
given that all nets misclassify the pattern, tends to zero
in the following way:

p(equallwl,wb...,wzv)=m- (19)
If the networks are independent with respect to the
correctness of their response [p(c;, ¢, ws, ...) =

p(c))p(c)p(ws) .. .], from eqns (14) and (15) one
obtains the following result:

- -7 ALE p(wi)
1 — R = p(accept) = 1 p(c) + (C— HD
N
= ple) + N 20)
Asp(correctlaccept)=l+ Hﬁélp(w,-)
(C—1DWDTIN, p(e)
- ‘ 1)

p(w)"

+—
e ™ pe)

°| mip1+mip3+lvq1
mip1+mip2+mip3
O mipt+mlp.

mipisivgl &
98 4
mipt+mlipd o
A mip1+mip2

97 A

] \mlp1

mipd mips g5
ivq1
mip1
mip2

]
99 4

Accuracy

94

mip3

T T T
0 t 2 3 4 5 6 7 8 9 10 11 12
Rejection

FIGURE 9. Comparison of unison combination with two-three
nets versus threshold-based rejection for the mip1 net.
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where the last equality in eqns (20) and (21) is true if
all networks have the same probability of correctness.

As an example, let us consider the combination of
N = 2 nets with p(¢;) = 0.9 for a classification problem
with C = 10 classes. In this case, the R-4 values of the
unison network are (R = 0.188, 4 = 0.998). In the
different assumption that the networks are correlated
so that p(c(, &) = p(cy) and p(wy, w,) = p(w,), the
values are (R = 0.088, 4 = 0.987). In this case, by
starting from two sloppy networks with 90% accuracy
we obtain a combined net with 98.7% accuracy, at the
price of an 8.8% rejection ratio. Although the assump-
tion of uniform confusion is very strong and difficult
to realize in practical applications, in the last experi-
mental part we will present some real-world examples
for handwritten character recognition where the unison
criterion is very effective even in the presence of weaker
assumptions (see Sections 7 and 8).

5. MAJORITY RULES

Let us now relax the unison criterion to obtain a greater
flexibility in the system design. Patterns are accepted
if at least M classifiers agree on the classification. We
furthermore assume that the majority is a strong one
[M > (N + 1)/2], that the classifiers are independent,
with equal performance [¢ = p(correct;),i=1,...,
N, w =1 — ¢], and that the output classes are maxi-
mally scattered in the case of a wrong classification (see
the previous section).

In this case p(accept) is composed of a signal term,
the probability that the number of correct answers is
greater or equal to M, and a noise term, the probability
that there exist at least a number M of equal and wrong
classifications.

I — R = p(accept)
NUNY . . NN\
= z ( . )c!wNﬂ + z ( ) )WICN‘I
=M\ ! i=m \ 1

X p(equal responses = M|w'c™ )

N N
- 3 (Mewrin 3 (Vuier
i AR

=M
L 1 C -2\
X — =] .
2 e () e

The conditional probability of an accurate recog-
nition p(correct|accept) = p(correct, accept)/
p(accept) can be derived by observing that p(correct,
accept) is the probability that the acceptance occurs
because of at least M equal and correct classifications,
the signal term derived above.

_ p{correct, accept) signal
p(accept) signal + noise

A (23)

The above formulas can be approximated in many
ways. If the number of classes is large, we can keep only
a first-order approximation in 1/C. Assuming that the
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FIGURE 10. Uneven distribution of misclassifications among
the possible wrong classes: p(w;|w; )/[1 — p(wi|w;)], forj # i.
Observed frequencies are shown for the first three digits (0,
1, 2) using the MLP nets mip1, mip2, and mip3. Note that the
distributions are substantially diverse (especially for mip1 and
mip3).

number C of classes tends to infinity, that M is equal
to N/2 (N even), and that 4 is close to 1, we can ap-
proximate eqn (22) by keeping only the dominant term
and using Stirling’s approximation for the factorial:

1—- R~ (ﬁ)u — Q)N MM < INe(1 — )]V, (24)

Additional approximations are described in Chernoff
(1952). The above results need to be corrected if pos-
itive correlations are present in the different networks.
In particular, if the true probability distributions
p(pattern|class) are overlapping at the decision
boundaries, the rejection rate in the limit of many nets
needs to be different from zero to reach an accuracy
close to 1.
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5.1. A Test of Majority Rules

Here we present the experiment results obtained by
applying the majority rule to the six nets described in
Section 4.3. To increase the flexibility, two thresholds
are varied during the tests. The first one refers to the
minimum number of votes that must be collected by
the winning class in order for the pattern to be accepted.
The second threshold is a separation requirement that
specifies a minimum difference between the votes of
the winning class and the votes of the second one. All
meaningful combinations of the two thresholds have
been tested. In detail, the two thresholds for the seven
tests plotted along the dashed line in Figure 11 are: (2,
1),(3, 1), (3, 2), (4, 2),(4,3),(5,0), (6,0). From
the results displayed in Figure 11 it is evident that the
performance can be better than that obtained from the
unison combination, at the price of using a larger num-
ber of nets.

6. USE OF THE OUTPUT ACTIVATION
VALUES

Up to this point, the only information that we used
from the classifier was the response class, decided by
the maximum output value. The previous schemes are
therefore applicable to any classifier. Now, in some sys-
tems like MLP classifiers or statistical recognition sys-
tems, the output consists of continuous values in the
range [0, 1] for the various classes, related to the pos-
terior probability or confidence in the classification. In
this section we show that, by using more of the output
information provided, it is possible to build better final
classifiers (with a similar recognition time).

The first observation is that the output values are
related to the posterior probability for the different

100

mip1+2+3+445+Ivqt ]

/Kmlpummzuvm

99 4 o

98

97 4
mip1+mip2

Accuracy

96

mips mip5 o
lvgq1
mip1
mip2 o
mip3
93?rv-v|.....-|v.-
01 2 3 4 5 8 7 8 9 10111213141516
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FIGURE 11. Performance of the majority rule with six nets ( cir-
cles on dashed line). The results with the unison rule (two to
three nets) and threshold-based rejection (one net) have been
copied from Figure 9 for the comparison.
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classes, given the input pattern. They are not equal to
this probability both because of estimation errors (gen-
eralization errors) and because of some positive prob-
ability for the event garbage input, for example, oc-
curring because of mistakes during the feature extrac-
tion phase. In our character recognition experiments,
we observed that a preliminary normalization of the
output values (so that they sum up to 1) leads to worse
recognition results, confirming that some probability
can be missing from the outputs. Methods for trans-
forming the output levels to probability distributions
are analyzed, for example, in Denker and leCun (1991).

Let’s now remember that, in Bayes classification,
the boundaries of the decision regions correspond to
points where the maximum of p(class|input data)
changes from one class to another. In addition, the rec-
ognition mistakes at a point in feature space are more
frequent when the maximum over the different classes
of p(class|input data) is low. If one manages to identify
and reject the points that are near the boundaries of
decision regions or the points where the probability
density for the selected class is low, the final accuracy
will be higher for the accepted patterns. The appropriate
rejection rules derive from the above considerations.
Considering a single network, let us define the accep-
tance rules T1 and T2 as follows:

T1 The maximum output value (response) must
be higher than a fixed thresholds thres_max.
The rule rejects data with low confidence for
all classes.

T2 The difference between the activity levels of the
two most active output units must be higher
than a second threshold thres_diff. The rule
rejects data that lead to an indecision between
more classes.

Considering the combination of more networks, the
patterns that survive criteria T1 and T2 for all networks
in the team can be sieved by the unison criterion. In
other words, a pattern is accepted only if all nets agree
and all nets accept the pattern (i.e., all are certain in
their conclusions). This scheme is called TI&T2&U
(criteria T1, T2 and unison).

A parallel version of rule T1&T2&U consists in re-
placing the individual checks (T1) with the check that
the average of the maximum values of the different
networks is larger than the threshold thres_max. Let’s
call PT1 this parallel version of the rule and
PT1&T2&U the global scheme.

Other possibilities are left for a further exploration.
For example, one can substitute the unison with the
majority requirements (T1&T2&M), or one can av-
erage the output vectors and apply criteria T1 and T2
to the averaged vector (PT1&PT2) (see Section 8).
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7. MULTI-NET SYSTEMS BASED ON A
UNIQUE SET OF FEATURES AND
CLASSIFICATION ALGORITHM

Now we present an independent series of tests, both to
increase the experimental basis for the combination
approach and to test a more efficient scheme that uses
the same features and the same learning and recognition
algorithm for the different nets. With respect to the
previous approaches, the use of a unique set of features
and of a single training and recognition algorithm
(MLP trained with on-line back propagation ) allows a
reduction in the preprocessing time and in the space
(memory or hardware) required to realize the com-
posite recognition algorithm. The only differences in
the operation of the individual component networks
are caused by the different net architectures (number
of hidden units) and the different (random) initializa-
tions for training.

The rejection rules based on the confidence thresh-
olds and on the agreement of different networks have
been tested for the application of recognizing hand-
written digits. Both the training and test set have been
derived from a real application (automated document
reading) and have realistic sizes (14,000 + 14,000
characters). The character images, digitized by an on-
line scanner, are normalized to 30 X 22 binary pixels.
Each image is represented by 70 gray pixels, where each
gray pixel is derived by a 4 X 4 window that is over-
lapped with the neighboring ones for a one-pixel strip.

The MLP’s architecture and performance is de-
scribed by the following list.

net-1 A = 98.21%. 70 input nodes, 100 hidden, 10
output.

net-2 A = 98.08%. 70 input nodes, 100 hidden, 10
output.

net-3 A = 97.24%. 70 input nodes, 70 hidden, 10
output.

net-4 A= 97.98%. 70 input nodes, 100 hidden, 10
output.

First we present the results for the unison scheme
based on the response class, then the results when the
confidence in the classification (related to the analog
output values) is also considered.

In Table 3 we show both the experimental R-A4 val-
ues, together with the observed frequencies of the rel-
evant events, and the values calculated from eqns (16),
(17), and (18) for the unison combination of net-1 and
net-2.

Although the ratio A4/ AR is close to the predicted
one, it is apparent that the assumption of independence
is not justified* and that the two networks tend to be

4 In fact, p(cy, ¢;) and p(w;, w,) are much larger than the product
of the two individual probabilities.
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TABLE 3
Combination of Two Nets (net-1 & net-2) With the Same
Architecture (70-100-10)

Theoretical Experimental

plcy, C2) 96.32% 97.51%
p(wy, wz, equal) 0.007% 1.03%
p(w,, w,, unequal) 0.03% 0.18%
p(wy, C2) + plCcy, Wo) 3.63% 1.27%
plequal|w,, wy) 19.07% 84.80%
p(reject) 3.67% 1.46%
p(correct|accept) 99.99% 98.95%
AA/AR 0.48 0.51

wrong in the same way [see the large experimental value
for p(equal | w, w,)]. This is not surprising and confirms
the supposition that the behavior of the team classifier
is almost independent of the initial random configu-
ration (at least, in this particular learning experiment!)
so that the two networks tend to produce the same
mistakes. This is especially true if the mistakes are rare
and caused by confusing writing styles (let us remember
that the estimates are much closer to the experimental
data in the high-noise situation described in Section
4.4). In this case, we suggest to use directly the estimates
obtained by joining the results of different nets on the
same test set.

In an effort to diversify the two networks, we sub-
stituted net-2 with net-3, a net with a smaller number
of hidden nodes. As it is shown in Table 4, the exper-
imental p(equal | w;, w,) is slightly reduced but remains
large.

In spite of the strong correlations between the net-
works, the final R-A result is promising: in the first case
the mistake rate on the accepted cases has been dis-
counted by 41% (from 1.79%, using net-1 only, to
1.05%) at the price of a rejection rate of 1.46%!

Increasing the number of networks does not produce
very different results. Using net-1, net-2, net-3 the ac-
curacy reaches 99.13%; adding net-4 it reaches 99.26%
(R =2.99%). ]

Let us now consider the threshold-based rejection
schemes that take into account the vector of output

TABLE 4
Combination of Two Nets (net-1 & net-3) With a Different
Number of Hidden Units

Theoretical Experimental

p(cy, C2) 95.48% 96.80%
pw,, wp, equal) 0.01% 1.10%
p(w;, waz, unequal) 0.04% 0.27%
p(wy, C2) + plCy, W) 4.46% 1.82%
p(equal|w,, wy) 20.42% 79.79%
p(reject) 4.52% 2.1%
p(correct|accept) 99.99% 98.88%
AA/AR 0.39 0.32
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values for the different classes. First, considering the
scheme T1&T?2 applied to classifier net-1, we obtain
the R-A results shown in Figure 12, where we show two
curves obtained with different values (0.0 and 0.2) of
the thres_diff parameter. The rejection increases by in-
creasing the thres_max value.

For example, a performance of 4 = 99.47% is
reached with parameters thres_max = 0.9, thres_diff
= (.2. The corresponding rejection is 4.53%.

Using the scheme PT1&T2&U with a combination
of net-1 and net-2 we obtain strictly better results ( Fig-
ure 13) for different values of thres_diff.

To make a comparison with the single-network case,
a performance of 4 = 99.47% is reached with param-
eters thres_max = 0.7, thres_diff = 0.2. The corre-
sponding rejection is 3.50%. The same performance is
obtained by rejecting 1% less cases. For this problem,
the performance does not ameliorate with the addition
of another classifier, in fact it decreases, also because
the individual accuracies of net-3 and net-4 are less
than those of the two other networks.

The advantage of the double-net system over the
single-net one is shown in Figure 14, where we compare
the two cases (with thres_diff = 0.2).

By using the analog output values in addition to the
unison criterion, the error rate was discounted by 72%
(from 1.79% to 0.53%) with a small rejection rate (R
=3.50%). The AA/AR value is 0.36, comparable with
the ones obtained by using only the unison criterion,
although the accuracy is now substantially higher.

8. AVERAGING NETWORK OUTPUTS

Another way to combine several networks is by aver-
aging their responses.” The procedure is straightfor-
ward: the output vectors 3 = (0", 05", ..., 0%, i
=1, ..., N of the networks are averaged, producing
an average output vector 0= (61, 03, . .., Op). Clas-
sification will be accomplished by assigning the un-
known pattern to class f if, for each i, J; < 0;.

" Criteria T1 and/or T2 can be applied to the averaged
vector 0 (scheme PT1&PT2). Let us note that rule
PT1, that operates with averaged networks, results in
a stronger (i.e., more restrictive) condition than the
one of rule T1 with a team of single nets. All patterns
accepted with PT1 are accepted with T1, but not vice
versa. In fact, if PT1 accepts one pattern, the average
output for the winning class is greater than the threshold
values and therefore at least one value of a particular
net is greater than T, and the pattern is accepted
by at least one network.

When the unison criterion is used, if a pattern is
accepted by all nets with the same classification, the

* Averaging also smoothes out the effects of random network ini-
tialization, thus increasing the system reliability.
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FIGURE 12. Single MLP net: comparison between different val-
ues for thres_diff. The rejection rate increases with growing
thres_max values.

average output for the winning class is trivially greater
than T,cepr, S0 that rule T1&U behaves exactly in the
same way as rule PT1&U. On the other hand, rule
T2&U is weaker (i.e., accepts more patterns) when op-
erating with averaged networks (PT2&U). In fact, if
all nets satisfy T2, for the net # and the winning class
wone has o0,(n) > 0;(n) + thres_diff, for i # w. After
averaging over all nets one obtains: J,, > J; + thres_diff,
so that criterion PT2 is satisfied.

If the two rules are combined, the scheme
(PT1&PT2) can reduce R with respect to rule
(PT1&T2), but it can also decrease the accuracy 4.
This has been confirmed by further experimental results
(Table 5), obtained with two large nets, trained on a
set of 28,000 characters, doubling the size that was used

2 nets (70-100-10)
rejection based on agresment,
max_out value and separatien with seeend

100.0

%correct (of accepted)

99.24

|7 o7

T
0 10 20
%rejected

FIGURE 13. Two MLP nets: comparison between different val-
ues for thres_diff.
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in the experiments described in the previous section,
and tested on another large, disjoint test set (49,000
characters). These data sets are part of the same hand-
written digit data base and have been preprocessed the
same way as in the tests described in Section 7. The
two individual nets yield an individual recognition per-
formance of 99.06% and 99.01%, respectively. It is ev-
ident that the application of thres_max with thresh_diff
= 0 has the same effect with both schemes (apart from
the effects of finite-precision arithmetic). On the other
hand PT?2 is less restrictive than P2 (compare R and
A with team and average when thres_diff is greater than
0). The choice of the most appropriate scheme depends
on the specific application requirements.

9. CONCLUSIONS AND RELATIONS WITH
PREVIOUS WORK

Decisions taken by teams usually are better than de-
cisions taken by individuals, provided that suitable
methods for combining the individual responses are
provided. In this paper we considered different ways to
combine the output of different neural classifiers both
to increase the flexibility in the rejection-accuracy rates
for a selected application and to obtain a combined
performance that is higher than that obtainable from
the individual components.

Part of the motivation for combining the outputs of
different networks can be derived from the usual sta-
tistical technique of lowering the variance of estimates
by averaging. For example, neural network portfolios
are suggested in Mani (1991). But the more interesting
motivation is related to the integration of different rec-
ognition techniques (based on different sets of features,
architectures, learning algorithms, etc.) to reach per-
formances that are higher than the best obtainable by
the individual nets. Although some suggestions about
the potentially fruitful combinations can be obtained
from probabilistic estimates and assumptions about the
uncorrelation of the individual mistakes, the combined
performance depends on the joint probability distri-
bution of the outputs. But estimating the joint proba-
bility requires the test of different nets on the same test
set, so that one may as well estimate directly the com-
bined performance. This operation is very fast provided
that the detailed results for all patterns in a test set are
saved for the different nets.

The presented approach is different and less ambi-
tious from that advocated by Wolpert (1992), where
the outputs of more nets are used as input patterns for
training a higher-level generalizer, and from that pre-
sented by Jacobs and Jordan (1991) and Jacobs et al.
(1991), where the different expert networks and the
gating network are trained together with the use of
competition (thereby favoring specialization). Ensem-
ble networks, that is, replicated networks in which a
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FIGURE 14. Comparison between single- and double-net sys-
tem.

number of identical nets are independently trained on
the same data and their results averaged, are considered
in Pearlmutter and Rosenfeld (1991). In this case, the
averaging operation on the outputs is considered as a
way to reduce the Chaitin-Kolmogorov complexity of
the resulting classifier, therefore increasing the expected
generalization. In the case of back propagation net-
works, the complexity of the classifier exceeds that of
the training data plus the complexity of the learning
procedure because of the introduction of randomly
broken symmetries, for instance, the random initial-
ization. An application of majority nets for breaking
cryptosystems is presented in Apolloni, Cesa~Bianchi,
and Ronchini (1990) and some preliminary results in
OCR are contained in Battiti and Colla (1992). En-
sembles of large numbers (up to about 15) of look-up
table networks with the consensus rule are considered
in Hansen, Liisberg, and Salamon (1992) for hand-
written digit recognition. The framework of our ex-
periments is different and the ensemble approach is
not appropriate in our case because we consider only
small sets with networks of different kinds, whose choice

TABLE 5
Combination of Two Nets: Team (PT1 & T2)
vs. Averaging (PT1 & PT2)

thres_max  thres_diff R A
2-Net team — — 0.69 99.45
0.9 — 2.67 99.83
— 0.2 141  99.68
0.9 0.2 279 9985
Average — — 0.0 99.11
0.9 — 264 99.81
— 0.2 0.69 9947
0.9 0.2 269 99.83
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is ultimately heuristic, although guided by statistical
assumptions.

The main lesson that we learned from an extensive
experimentation based on the environment described
in Battiti et al. (1991) is that the integration of a small
number of different independently trained modules of-
ten is a fast and effective way to reach the rejection—
accuracy rates required by an application by starting
from a data base of neural networks (and possibly stan-
dard recognizers!) developed for the same task. This
portfolio of nets is a byproduct of a typical development
phase, where different features and/or architectures are
tested. Last, but not least, some of the proposed meth-
ods permit a straightforward cooperation of traditional
and neural classifiers (that can be expected to have a
high degree of uncorrelation) and can facilitate the
adoption of neural nets in application environments.
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APPENDIX A

Here we sketch the demonstration of the optimality of the threshold-
based rejection of eqn (3).

Let us assume that we have C decision regions for the different
classes and that the current rejected region R corresponds to an ac-
curacy A = p(correct, accept). If the rejected region is enlarged by
a small portion AR, one obtains (in a first-order approximation ):

Ap(correct |accept)

- A p(correct, accept) o p{correct, accept)
p(accept) p(accept)?

Ap(accept)

Ap(correct, accept)

placcept) D)

After substituting the following integrals for Ap(reject)and Ap(correct,
accept):

Ap(correct |accept) = —fﬁ max p(w; |X)p(x)dx (A.2)
A i

Ap(reject) = fm p(x) dx (A.3)

and remembering that Ap(accept) = — Ap(reject) one obtains:

Ap(correct | accept)
Ap(reject)

1
~ —— | p(correct|accept)
p(accept)

Jaz max; p(w;|x)p(x) dx Ad)
fm p(x) dx ] '

R. Battiti and A. M. Colla

1 [« max; p(e; | x)p(x) dx
" placcept) Jap(x) dx
[an max; plw;1X)p(x) dx AS)
Jag P(x) dx '

where A is the accepted region. In other words, the ratio is propor-
tional to the average of max; p(w;|x) over the accepted region minus
the average over the additional rejected region. In the approximation
that the probability densities are constant over a small region centered
on x*, one obtains:

Ap(correct |accept)
Ap(reject)

~ ————— [ p(correct|accept) — max p(w;|x*)]. (A.6)
p(accept) i

The ratio is maximized when the additional rejection region AR
has the lowest probability for the winning class, that is, the lowest
value of max; p(w;|x). Therefore, increasing portions of the input
space are rejected in an optimal way by starting from the patterns
with the lowest max; p(w;|x) values and then including patterns with
larger and larger values.

This means that a given rejection rate gives the best accuracy if
the rejected patterns are those that satisfy:

max p(w;|x) < Tyceep (A7)

for a given threshold value Tecep.

A growing fraction is rejected when the threshold increases. The
criterion is intuitive because, after increasing the rejected region, the
number of additional rejected cases is proportional to p(x) and, among
these, the number that would have been classified in the wrong way
is proportional to [ 1 — max; p(w; |x)]. One must reject first the cases
that, with a high probability, would cause recognition mistakes.

Let us consider what happens when increasing portions of the
space are rejected according to the optimal threshold-based criterion
(see Figure A.1 for a graphical illustration).

If one has C possible classes, the probability for the winning class
must be larger than or equal to 1/C [trivial from the definition of
winning class as the class with the largest p(w; |x)]. Therefore, if the
threshold T,ccep is less than 1/C, no patterns will be rejected. Let us
denote as T, the largest threshold for which no patterns are rejected
[ Tyarn = inf, max; p(w;|x)]. In this case, starting from eqn (A.6)
and assuming that the derivative exists, one derives:

dp(correct | accept)
dp(reject) F

= [p(correct|accept) — Tyanl = [4o — Tean] (A.8)
where 4, is the accuracy when all patterns are accepted. The initial

derivative of the function A(R) is equal to the accuracy over all patterns
[the global average of max; p(w;|x)) minus the initial threshold (equal

AA/dR = (Ao - Tatan)

R(T)

0 R 1 [ T Tstart 1

FIGURE A1. Relations between the accuracy-rejection curve
A(R) and the rejection-threshold curve R(T).
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to inf, max; (w;|x)]. Remembering the definitions and the inequality
on Ty, one derives:

d4

4R C

< [Ao = l] (A9)
R=0

For a large number of classes the derivative can be close to 1 for large
values of A,. Vice versa, for two classes it cannot be larger than 1, at
least one good classification must be lost for every avoided misclas-
sification.

When the rejected portion increases:

da_ 1
dR~ (1-R)

[4 — T(R)) (A.10)

where T(R) is the threshold value for a fraction R of rejected patterns.
T(R) can be estimated by inverting the R( T') function, which gives
the rejection rate for increasing values of the threshold.

From eqn (A.5) it is easy to check that the derivative is nonnegative
if the (increasing) threshold is used for accepting patterns. In fact,
all points in the rejected region have max; p(w; |X) < Tyecepr, and all
points in the accepted region have max; p(w;|X) = Tyeceps- Therefore,
the average of max; p(w;|x) over the accepted region A cannot be
less than the average over the additional rejected region AR.

NOMENCLATURE

Probability and Classification Task

C number of classification
classes

w; classification class (i = 1,
..., O0)

R; ith decision region

P(w;) a priori probability for the ith
class

px|w) state-conditional probability
density

P(w;|x) posterior probability

p(x) global probability density

P(correct) global probability of a correct
recognition

A = p(correct|accept) probability of an accurate re-
sponse, given that the in-
put pattern is accepted

probability that a pattern is
rejected by the classifier

R = p(reject)

707

differences of 4, R corre-
sponding to different clas-
sifiers

U performance function

R rejection region

A acceptance region

P; probability of classifier / in a
combination of more clas-
sifiers

o(Py) difference between the accu-
racy of the combined clas-
sifier and the linear com-
bination of accuracies

threshold for accepting a pat-
tern

N number of classifiers

M number of classifiers that
must have the same re-
sponse

probability that N classifiers
have an equal response
that is wrong

probability that N classifiers
have wrong responses

probability that N classifiers
have correct responses

Taccept

p(wl’ Wa, oot Wi,
equal)

p(Wh Wa,eins WN)

p(cla Cas e vy CN)

Normal Distribution

d dimension of the space
m = E[x] mean vector
Z = E[(x — m) covariance matrix of the multivar-

X (x = m)] iate normal density

u mean vector of one-dimensional
normal distribution

o? variance of one-dimensional normal
distribution

N, u, o) one-dimensional normal distribu-
tion

Functions

0(x) function equal to 1 if x = 0, 0 otherwise



