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Abstract
In this paper, we propose and analyze a service-dependent handoff and channel alocation
scheme in voice and data integrated cellular mobile systems, which combines the ideas of
“Variable Bandwidth” and “ Preemptive Priority” together. In the scheme, voice and datatraffic
are considered. According to the variations of the offered traffic intensity at each cell, both a
voice and adatacall in service can occupy afull-rate channel or a half-rate channel. In order to
guarantee the Quality of Service (QoS) for both voice and data traffic, channel resources are
fairly shared between voice and data calls according to an optimal channel allocation scheme,
which minimizes the difference between the average bandwidth of a voice cal in service and
that of adatacall in service. To minimize the forced termination of avoice call, avoice call can
preempt adata call in service if all the calls in the channel pool of the current cell are already
assigned with half-rate service. The interrupted data call returns back to the queue specially
prepared for data traffic. By analysis, we obtain the most important system performance
measures. Comparisons with the scheme, which only supports “Preemptive Priority” without
“Variable Bandwidth” supporting, shows that if the total arrival rate for originating callsis not
very heavy, the new scheme can provide lower blocking probability and forced termination
probability for both voice and data traffic, and shorter average total transmission time for a

successfully completed data call.

Index Terms: Handoff scheme, variable bandwidth, preemptive priority, cellular mobile

systems

[.  INTRODUCTION
One of the centra issues in performance characterization of cellular mobile and personal
communication systems (PCS) is the problem of handoff [1]. With the penetration of PCS,
microcell and hybrid cell (macro-, micro-, pico-) structures are exploited to support the
drastically increased demand [2]. The smaller cell size and the variable propagation conditions
in microcells cause much more frequent handoffs [3]. A poorly designed handoff strategy will
generate very heavy signaling traffic and worse QoS. Handoff process usually starts from the
handoff initiation phase[4]-[6]. Thefocus of this paper is on the handoff execution phase, and it

Is assumed that the handoff request detection and initiation procedures are perfect (i.e. al valid
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requests are detected and no invalid requests activate the handoff procedure).

Forced termination of ongoing voice calls is more undesirable than blocking of originating
calls from the user’s viewpoint. Therefore, several schemes giving priority to handoff requests
have been proposed to reduce the forced termination probability. Traffic models and
performance measures of systems adopting some priority schemes are discussed in [7]-[17].
The most popular way of giving priority to handoff requests is to reserve a fixed number of
channels for them. That is, when the number of free channelsin acell islessthan or equa to a
predefined value, originating calls are blocked. The handoff calls can still gain access to the
system until there are no available channels. This scheme is called “priority reservation
scheme” or “cut-off priority scheme’ [7]-[15]. Moreover, in order to ensure the handoff
performance in microcell, the sub-rating scheme is presented in [16][17]: when a handoff call
enters abusy cell (no channel available), an occupied full-rate channel can be divided into two
half-rate channels to accommodate the arriving handoff call. However, in al of the above
studies, only voice traffic is considered.

Future cellular mobile systems are required to accommodate multiple types of services, such
asvoice, data, and video. In order to meet the future demands, the handoff strategy needsto take
different features of these services into account, i.e, the ideal handoff process is
service-dependent. Recently, a lot of channel allocation and handoff schemes have been
proposed based on the idea of “Variable Bandwidth”, such as those proposed in [18]-[23]. The
ideaisthat when areal-time user arrives at or handoff to a congested cell, the channels allocated
to the real-time users aready in the cell may need to be reduced to satisfy the minimum channel
requirement of the arriving user. Moreover, in [24], authors propose a “Preemptive Priority”
handoff scheme for integrated voice/data cellular mobile systems. In the scheme, the right to
preempt the service of adatacall in service is given to a handoff voice cal if on arrival it finds
no idle channels. Ideas of “Preemptive Priority” and “Priority Reservation” are further
combined in [25]-[26], where some number of channels is exclusively reserved for handoff
calls. However, in the scheme proposed in [24]-[26], “ Variable Bandwidth” supporting is not
considered. Moreover, fairness on channel allocation between voice and data traffic is also not
considered. In this paper, based on our previous work proposed in [24], we propose a new
service-dependent handoff scheme in voice and data integrated cellular systems, which

combines the idea of “Variable Bandwidth” and “Preemptive Priority” together. Contributions
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Fig. 1 System model

of the paper can be summarized as.

1. The proposed scheme supports not only the “Variable Bandwidth” for mobile users but also
the “Preemptive Priority” for voice calls, which further decrease the blocking probability
for voice calls.

2. In the scheme, in order to guarantee the QoS for both voice and data traffic, channel
resources are fairly shared between voice and data calls based on an optimal channel
allocation scheme, which guarantees that service for datatraffic will not be starved by voice
traffic.

3. Thorough performance anaysis on the proposed scheme are given, which helps one to

obtain deeper insight into the behavior of the whole systems.

The remainder of this paper is organized as follows: Section Il introduces the proposed
handoff scheme. In Section 111, traffic model is described. Optimal channel allocation schemeis
proposed in Section 1V. System performance is analyzed in Section V. In Section VI, numerical

results are presented and discussed.

II.  DISCRIPTION OF THE HANDOFF SCHEME
We consider a system with many homogeneous cells each having S full-rate channels (see Fig.

1). Each full-rate channel can be further divided into two independent haf-rate channels.
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Moreover, in the base station of each cell, there is a queue with buffer size Q for datacalls. In

our analysis, we focus our attention on asingle cell, which is called the marked cell. Moreover,

we define N, and N, asthe current number of voice and data cals in service a the marked
cell, respectively. And N, is defined as the current number of data calls waiting in the queue.

Note that in the paper we areinterested in studying the performance of the combination of ideas
of “Variable Bandwidth” and “Preemptive Priority”. Therefore, for simplicity, originating calls
and handoff calls are treated in exactly the same way, which helps one to obtain deeper insight
into the proposed basicidea. Moreover, the basic idea here can be easily extended to be adopted
in cases where schemes, such as “Priority Reservation Scheme”, assigning priority to handoff
calls over originating calls are required.

An arriving voice call (an originating voice call or a handoff voice call) gets a full-rate

channel if N, + N, <S. Under the condition of S<N, + N <2S, it gets a half-rate or a

full-rate channel according to the channel allocation scheme proposed in section IV.

Furthermore, if N, + N, =2S and N, >0 and N, <Q, it gets a haf-rate channel by

preempting a data call in service. The preempted data call returns back to the queue, and waits
for achannel to be available. Otherwise, the arriving voice call is blocked by the system.
A datacall waiting in the queue is transferred to the target cell when the mobile user moves

out of the current cell before it gets achannel (see Fig. 1). An arriving data call (an originating

datacall or ahandoff datacall or atransferred datacall) getsafull-rate channel if N, + N, <S.
If S<N, + N, <2S, it gets a haf-rate channel or a full-rate channel based on the channel

alocation scheme explained in section IV. Furthermore, if N, + Ny =2S and N, <Q, it waits

in the queue. Otherwise, the arriving data call is blocked by the system.

Ill. TRAFFIC MODEL

Let random variable T, bethe call holding time of avoice call, i.e., the time avoice call lasts

if it isnot forced into termination. The call holding time T, of avoice cal isassumed to have



an exponential distribution with mean E[T., 1(=1/ t ) -

Let random variable L, denote data length of a data call, which is measured in bits. It is
assumed that L, has an exponential distribution (Note that although L, is a discrete random
variable, for simplicity, its distribution is approximated as a continuous one). Let R, ., and
Ry har (Measured in bits per second) denote the data transmission rate with a full-rate and a
half-rate channel, respectively. Moreover, itisassumed that R, ., = 2R, ., - Random variable
Teo.rur = Lo/Ro g @A Tep ar = Lo/ Ry pae denote the transmission time needed for adatacall
served by afull-rate channel and a half-rate channel, respectively. Obviously, both T, ., and
Teo et have exponential  distributions  with  means  E[T.p ¢, 1(=1/ thp py)  @nd
ElTeo nar 1(G1/ Uep par ) » rESPECtively. And, we have

ElTeo, har 1 = 2E[Tep pu ] 1)

Let the random variable T,,,, bethe dwell time of amobile user in acell. Again we assume

that it has an exponentia distribution with mean E[T,, 1(=1/ Lype ) -

The arrival processes of originating voice calls and originating data calls in a cell are

assumed to be Poisson, with rates A, and A, respectively.

Because we assume an equilibrium homogeneous mobility pattern, the arrival rate of

handoff requests at the marked cell is equal to the departure rate of handoff calls from the cell.

Let A, denote the arrival rate of handoff voice requests, and A,,, denote the arrival rate of

handoff data requests, both processes being Poisson. It is apparent from the above discussions

that

Ay =By Dlguen (2)
where E, isthe average number of voice calls holding channels at the marked cell, and

Avp = Ep Qe 3

where E, isthe average number of data calls holding channels at the marked cell.



A data channel request in the queue of a cell is transferred to the target cell when the user

moves out of the cell before its getting a channel. The arrival rate A, of the Poisson process

regulating the transferred data requests at the marked cell is given by
Ao = Eo Wawe (4)

where E, isthe average number of data calls waiting in the queue at the marked cell.

IV. CHANNEL ALLOCATION SCHEME

First, we definethe state s of the marked cell asa couple of non-negativeintegers s: (N,,N.,),
where N, denotes that the number of voice calls in service, N, is the sum of the number of
datacalls N, in service and the number of datacalls N, waiting in the queue. Since N, , Ny,
N, and N, are determined by state s, for clarity, in the rest part of the paper these parameters
are denoted as N,(s) , Ny (s), Ny(s) and Ny(s) , respectively. The states form a
two-dimensional sample space Q.

Q. ={s|0<N, (s)<N, (s)+ Ny (s)<2SU

0< N, (5)£2S<Ny (8 + Nip (5) <25+ Q} ©)
we have
Np (s) = {QISTD_(Sl\)I if Ny (8) + Nip (§) <2S ©
V(9 i Ny(9+ N (9>25

Moreover, C, (s) and C, (s) are defined as the total number of equivalent half-rate channels

occupied by voice calls and data calls at state s, respectively.

Aswe know, both voice and data calls in service can be allocated with full-rate or half-rate

channels. Given current system state s:(N, (s), N, (s)), channel allocation pattern (that is,
C, (s) and C (s)) should be determined. For a given system state, different channel allocation

schemes result in different allocation patterns C, (s) and C (s) . In order to find out what kind

of channd allocation scheme should be used, channel allocation criterion should be determined

first. There are two extreme criteria, which should be definitely avoided. One extreme is that



channel resources are alocated to voice traffic as much as possible (try to guarantee that voice
calls are alocated with full-rate channels as much as possible), which has the risk of starving
data traffic. For the other extreme, channel resources are allocated to data traffic as much as
possible (try to guarantee that data calls are allocated with full-rate channels as much as
possible), which degrades the service quality for voice traffic. Therefore, fairness in channel
allocation between voice and data traffic should be considered. We adopt fairness as our design
criterion. In this paper, an optimized channel allocation scheme is proposed, which achieves

fair bandwidth allocation between voice and data traffic.

When N, (s)+N5(s)<S, al the calls in service occupy full-rate channels. When
N, (S)+N(s)22S , dl the cals in sevice occupy half-rate channels. When
S< N, (8)+ N (s) < 2S, al the channel resources are occupied. That is, we have

Cy(8)+Cp(5)=2S (7)
In this case, if N, (s)>0 and N,(s)>0, the goal of our channel allocation scheme is to

G (9 _Co(9)

. That is, channel resources are fairly shared between voice
Ny (s) Np(s)

minimize the value

and data calls to minimize the difference between the average bandwidth of a voice call in

G (9 _Co(9

service and that of adata call in service. To minimize
Ny (s) Np(s)

, it can be easily found

2SN, (s) |
[Np(9)+ Ny ()]

that we have to minimize Therefore, the optimum solution can be

Cu(9)-

given as

oo | o2smy9 1
“ (S){ND(shNV(stJ

Cp (59=25-C, (9

(8)

It should be pointed out that although equation (8) is derived under the condition

S<N, (s)+N;5(s)<2S, N,(s)>0 and N,(s)>0, it holds for al the cases under the condition

S<Ny(S)+Np(5)<2S.

In thefollowing, wefind out how to all ocate channelswhen the system state transit from one

to another. Note that in our discussions, we assume that both s and s are permitted states.
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Sincethe discussionson the arrival or the departure of data calls are almost the same as those of
voice calls, we only present the cases for voice calls. The discussions are divided into three

different cases:
Casel: N,(s)+N,(s)<S.
Case 1.1: Arrival of a voice call.
Assuming that system state transits from s:(Ny (s),Np () t0 s:(Ny (s)+L N (s) . The
accepted voice call getsafull-rate channel.
Case 1.2: Departure of a voice call.
Assuming that system state transits from s': (N, (s) +L N, (s)) to s:(N,(s),N(s)) . A

full-rate channel occupied by the voice call is released.

Case2. N, (s)+N;p(s)=2S.
Case 2.1: Arrival of a voice call.
Assuming that system state transits from s:(Ny (s),Nyp(s) t0 s:(Ny (s)+L N (s) . The
accepted voice call gets a half-rate channel by preempting adata call in service.
Case 2.2: Departure of a voice call.
Assuming that the system state transits from s': (N, (s) +1 N, (s)) to s:(N, (s),N(s)) . A

half-rate channel occupied by the voice call is released and allocated to the data call waiting in
the head of the queue.

Case3. S< N, (s)+ N (s)<2S.
Case 3.1: Arrival of a voice call.

Assuming that system state transits from s: (N (s),Nyp (s)) t0 s:(Ny (S) +L Np(s)) . From
equation (8), we have

“ray—| 2SON,(s)+1 1
&9 1N (9 2 ®

It can be easily proved that in thiscase 0<C, (s') -C, (s)<2. Therefore, C, (s)-C, (s) can

only be equal to 0, 1, or 2. Furthermore, we have the following three different cases:
8



Case3.1.1: S<N,(s)+N(s)<2S and C, (s)-C, (s)=0.

In this case, it can be easily proved that C, (s)- N, (s) =1. Therefore, there is at least one

voice call occupying afull-rate channel at state s. A full-rate channel occupied by some voice
call can be divided into two half-rate channels, and the newly arrived voice cal is

accommodated by one of these half-rate channels.

Case3.1.2: S<N,(s)+N;p(s)<2S and C, (s)-C, (s) =1.

In this case, it can be easily proved that C, (s)- N, (s)21. Therefore, there is at least one

datacall occupying afull-rate channel at state s . A full-rate channel occupied by some data call
can be divided into two half-rate channels, and the newly arrived voice call is accommodated

by one of these half-rate channels.

Case3.1.3: S<N,(s)+ Ny (s)<2S and C, (s)-C, (s)=2.

In this case, it can be easily proved that C, (s) - N (s) 2 2. Therefore, there are at |least two

data calls occupying full-rate channels at state s. Two corresponding full-rate channels
occupied by some two data calls can be divided into four half-rate channels, and two of these
half-rate channels combine together to form a full-rate channel to accommodate the newly

arrived voice call.

Case 3.2: Departure of a voice call.

We assume that the system state transits from s': (N, (s) +1 Ny () t0 s:(Ny (), N1p (9)) -

Case3.2.1: When ¢, (s)-C, (s) =0.

From the discussion presented in Case 3.1.1, it can be seen that there are at |east two voice
calls occupying half-rate channels at state s'. Therefore, if a voice call occupying a full-rate
channel departs from the marked cell, the system divides the released full-rate channel into two
half-rate channel s and merges these two channelsinto some two voice calls occupying half-rate
channels, respectively. Then these two voice call will be provided with full-rate channels. On
the other hand, if a voice call occupying a half-rate channel departs, the system merges the
released half-rate channel into some voice call occupying a half-rate channel. Then the voice

call is provided with full-rate service.



A voice call has arrived

!

State transits from s to s’

The call is blocked

The call gets a free full-rate channel

The call gets a half-rate channel by
preempting a data call in service

The call gets a half-rate channel by
borrowing a half-rate channel from a
voice call in service

The call gets a half-rate channel by
borrowing a half-rate channel from a
data call in service

The call gets a full-rate channel by
borrowing two half-rate channels from
two data calls in service

Fig. 2 Channel allocation strategy for an arriving voice call

Case 3.2.2: When C, (s)-C, (s) =1.

Based on thediscussionin Case 3.1.2, it can be seen that there are at least one voice call and
one data call occupying haf-rate channels at state s'. Therefore, if a voice call occupying a
full-rate channel departsfrom the cell, the system divides the released full-rate channel into two
half-rate channels and merges these two channels into some voice call and some data call
occupying half-rate channels, respectively. Then both the voice call and the data call are
provided with full-rate channels. On the other hand, if avoice call occupying ahalf-rate channel
departs, the system merges the released half-rate channel into some data call occupying a
half-rate channel. Then the data call is provided with afull-rate channel.

Case3.2.3: When C, (s)-C, (s) =2.
From the discussion presented in Case 3.1.3, it can be seen that there are at least one voice

call occupying a full-rate channel and two data calls occupying half-rate channels at state s'.

Therefore, if avoice call occupying afull-rate channel departs from the cell, the system divides

10



the released full-rate channel into two half-rate channels and merges these two channels into
some two data calls occupying half-rate channels, respectively. Therefore, these two data calls
are provided with full-rate service. On the other hand, if a voice call occupying a half-rate
channel departs, the system mergesthe rel eased half-rate channel into some datacall occupying
a half-rate channel. Furthermore, the system makes some voice call occupying a full-rate
channel to be served by a half-rate channel, and the released half-rate channel is merged into
another data call occupying a half-rate channel. Therefore, these two data cals are provided
with full-rate service.

For clarity, the flowchart of channel allocation scheme is shown in Fig. 2. Because of the
space limitation, only the case that avoice call has arrived is shown. Other cases can be easily

derived based on the descriptions given in Section |11 and this section.

V.PERFORMANCE ANALYSIS

A. The System-Sate Probabilities

We can obtain the limiting probability of state s, denoted by p(s) , by solving the following

stationary state-transition equations:

D () (s,9 =0, (sDQ)

sOQ, 10
D p(s)=1 (10)
0,

where q(s,s),s'# s denotes the transition rate from state s' to s, and q(s,s) is the transition

rate out of state <. q(s,s) can be obtained by

as9=- Ydss) (11)

s0Qq,s'#s

Next, we determine the transition rate q(s',s) from state s':(N,, (s'), N (s)) to state <.
Case 1) Arrival of AData Call at the Marked Cell: Let q,(s',s) bethetransition rate from state
s to state s: (N, (s'),Nip () +1) . If 0<N,(s)+Np(s)<2S ,thecal isserved immediately
and q,(s',s) =Ap +Ap + Ao - If 2S< N, (S)+ N (S)<2S+Q, thecal is buffered in the queue
and g, (s',s) = A, + A + A, - Otherwise, the call isblocked and g,(s',s) =0.

Case 2) Arrival of AVoice Call at theMarked Cell: Let qg,(s',s) bethetransition rate from state

1



s to state s: (N, (S) +L N;p(s)). If 0<N,(s)+Np(s)<2S, the cal is served immediately
and q,(s',s)=A,, A, - IT 2S<N,(s)+N(s)<2S+Q and N,(s)>0, the arriving voice
call preemptsadatacall and q,(s',s) =4, *+ A, - Otherwise, thecall isblocked and q,(s',s) =0.
Case 3) Departure of A Voice Call from the Channel Pool: Let g,(s',s) be the transition rate
from state s to state s:(Ny(S)-LN;p(s)) . If N,(s)>0, the transition rate is
a(S,9) = N, (8") [ty + Hey) - Otherwise, g,(s',s) =0.

Case 4) Departure of A Data Call from the Channel Pool: Let g,(s',s) be the transition rate
from state s to state s:(N,(S),Np(s)-1) . If Np(s)>0, the transition rate is
94(s",5) =[Cp (S) = Np (S)] Wl + Hep ) +[2Np (8) = Co (SN (Mawest + Hep ) - Otherwise,
q,(s',s)=0.

Case 5) Departure of A Waiting Data Call from the Data Queue: Let g.(s',s) be the transition
rate from state s' to state s:(N,(s),Np(s)-1) . If Ny(s)>0, the transition rate is
05(S",8) = N (S') Uy - Otherwise, gy(s',s) =0.

An simple example Markov state transition diagram for the marked cell is shown in Fig. 3,

where S=2,Q=1. After determining the state transition rates, we can solve the stationary

state-transition equations in (10) to obtain al the state probabilities by using numerical method
(refer to Appendix A).

B. Performance Measures for \oice calls

12



S$=2,Q=1

Definitions of Ay, A,

/]D = /IHD + /]TD + /]OD
/lv = /]HV +/]O\/

States s in the Fig

(N (9), N5 (9))
(CASO)]

Fig. 3 An example Markov state transition diagram for the caseof S=2,Q=1

Based on the above discussions, blocking probability of avoice call can be given as

Pov = 2. P9 (12)

Q,, ={s|s0Q,N, (s) =25 U{s|sOQ,,N,(s) + N, (s) =2S+Q}
Once avoice cal isserved, the voice call handoffs only to neighboring cells with probability
R, v, Whichisgiven by
Pyy =Prob{Tow <Tov} = Hower /(Hawe + Hov) (13)
The forced termination probability of avoice calls, denoted by P, , can be obtained by
Py =Ry DRy + A= Ryy ) Ry 1= (Ryy DRy ) /[1-Ryy ARyl (14)

Moreover, let ¢, denote the average bandwidth per voice cal in service. We have

cvz[ > N no(s)} / ( Zp(s)} (15)

sHs[Ny (s)>0} s{s[Ny (s)>0}

13
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Fig. 4. The signal flowchart for datacalls

C. Performance Measures for Data calls
Before analysis, it is helpful to describe the traffic flows for data calls at the marked cell,

which is shown in Fig. 4. At point ‘@ in Fig. 4, data calls arrive at the marked cell, and the
traffic intensity at point ‘a’ is

Apa = Aop + Ao * A (16)
Next, some arriving data calls are blocked. Traffic flow for the blocked data calls is shown at

point ‘b’. For adatacall, whichis not blocked at the marked cell , it gets a channel directly with

probability P. or waitsin the queue with probability 1-P. . P. can be given as

Reo :( z p(S)J/(l_ PB,D) (17)
S SIS0, Ny (9)+ N (5)<25}
where P, , isthe blocking probability for adata call, We have
Pep = > p(s) (18)

SSISTO,, N, (5)+Npp (5)=25+Q}

Thetraffic intensity at point ‘¢’ can be given as

/]D,c = (/]HD + /]TD + /]OD) ﬂl— PB,D) (19)
For data calls waiting in the queue, some of them are transferred to target cells before they

get channels at the marked cell. The transferred data traffic intensity is A ; = A, (seepoint ‘f

14



in Fig. 4). From point ‘h’ and ‘i’ in Fig. 4, it can be seen that part of data calls in service are
preempted by voice calls. The traffic intensity for data calls leaving the marked cell because of
the completion of their calls or moving out of the marked cell without the completion of their

calls can be expressed as

Ao = B Wawen + Ep rut Hep rur + Ep par ep par (20)

where E;, ., and E; ,,; denote the average number of data calls occupying full-rate and
half-rate channels, respectively. Thetraffic intensity A, ; at point ‘i’ in Fig. 4 can be given as

Ao, = Ao 4 (Prp (21)

where A , isthe traffic intensity at point ‘g’ in Fig. 4, and R, is the preemption probability
for adatacal in service. Therefore, traffic intensity A, 4 at point ‘d’ is
Apg =ApI-FR)+ Ay, (22)
Based on the above descriptions on traffic flows for data calls, we can analyze some of the
most important performance measures. In the following, it is assumed that A, >0.
C.1) Preemption Probability for A Data Call in Service: From Fig. 4, we have
Aog =Aon /(1= Peo) = (Ep Ddawen + Ep run éco run + Eo mar Dlep par ) /(1= Pep) (23)

On the other hand, we have

/1TD :AD,i |:I:?I'r,PD +/1D,c |11_ PC) EPWYAD

(24)
=/]D,g EPPD EPI’r,PD + (AHD +/1TD +/]OD) qu_ PB,D) ﬂl— Pc) EPI’r,AD

where B, o, isthe probability that a preempted data call, waiting in the queue, is transferred to

some target cell before getting its channel again at the marked cell. R, ,, isthe probability for

an arriving data call, which is not blocked by the marked cell and waits in the queue, being
transferred to some target cell before getting its channel. The derivations of these two

probabilities are given in Appendix B. From equation (24), we have

- /]TD _(/]HD +/]TD +/]OD) Ull‘ PB,D) Ull‘ Pc) DDTr,AD

Ao
¢ Poo (P po

(25)

By combining equation (23) and (25), P, can be obtained as

15



e G+)1®
1 2
e : (26)
ED |:pudwal + ED,FuII u[CD,FuII + ED,HaIf u[CD,Han
@ - I:?I'r,PD
’ D _(AHD +/]TD +/]OD)|:q1_ PB,D)qu_ Pc)l:PTr,AD

In the above derivations about P, it is assumed that Q >0. Moreover, when Q=0, we
define P, =0.

C.2) Forced Termination Probability of An Accepted Data Call: Once adatacall isservedin

some cell, the call handoffs to neighboring cells with probability B, ,, which can be given as

Ryp = Eo Mo (27)
E |jjd\l\/ell + ED Full |J'ICD Full + ED Half |31CD Half

Next we define R,; s asthe probability for adatacall in service leaving the marked cell before

the completion of its conversation. In this case, the data call leaves the marked cell from the
channel pool and initiates a handoff at the target cell, or it departs from the data queue and is

transferred to the target cell. Again, with reference to Fig. 4, we have

(1 I:)PD) IjPH D + I:)PD DPIT PD

s=(1-Pp)R, p +Pp [R +Pp [1-R )DPS
HT D PD H,D PD Tr,PD PD Tr,PD HT,D 1 PPD qu o pD)

(28)

Moreover, P, , isdefined as the forced termination probability of an ongoing data call after it

arrives at the target cell. Finally, we define B , as the forced termination probability of an

accepted data call (once adata call obtain achannel service in some cell, we say that the cal is
accepted by the system). We have the following relations

5
PFT D™ I:)HT DS Ij:)FT D

I:)FTD _P +(1 D)DD HT,DS FTD-'-(:L D)ll:L P) Tr,AD FTD (29)

+ (l D)ml P)ml Tr, AD)EPHT DS Ij:)FTD

Then P , can be expressed as

P I:)HTDSDPBD
FT’D 1- (1 PBD)[DP Ij:)HTDS-'-(:I‘ P)ml I:?I'rAD)DPHTDS-'-(:L P)D:)TrAD]

(30)

C.3) Average Total Waiting Timein Queuesfor Successfully Completed Data Calls: From Fig. 4,
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we can see that during the whole course of the communication of a successfully completed data

call (including its waiting time in queues before its managing to get a channel and start its
communication), it may spend some time waiting in queues at different cells. T,,, isdefined as

the average total waiting time in queues for a successfully completed data call.

Asfor apreempted data call, it enters the queue and waits for a channel to be available. Let
Tw pp denote the average total time of a preempted data call waiting in the queue at the marked

cell from the moment that it enters the queue. We have

TW,PD = PI'r,PD ErWrr,PD +(1- PTr,PD) [@- PPD) D-V\,C,PD +(1- PTr,PD) [(Pop mTvvc,PD +TW,PD) (31)

= [PTr,PD D-V\fl'r,PD +(1- PTr,PD) ErV\,C,PD]/[:L_ Pop - PTr,PD)]
where T, o, denotes the average waiting time of a preempted data call in the queue at the
marked cell from the moment that it enters the queue to the moment it gets a channel again,

under the condition that it gets achannel successfully. T, o, denotesthe average waiting time

of apreempted data call in the queue at the marked cell from the moment it enters the queue to

the moment it is transferred to another cell, under the condition that it is transferred to another

cell before its getting a channel at the marked cell. The derivation of T, o, isin Appendix C.

The derivation of T, o, can be found in Appendix D.
Asfor an unblocked arriving data call that waits in the queue at the marked cell, we define
Tw o 8 the average total time for the call waiting in the queue at the marked cell from the

moment that it enters the queue. We have

TW,AD = PI’r,AD ErWrr,AD + (1_ PI’r,AD) Eﬂl— PPD) ErW(:,AD + (1_ PTr,AD) EPPD |1T\NC,AD +TW,PD) (32)
=PBr.a0 Twrroap (1= P oan) e ap + Peo O pp)

where T, o, denotesthe average waiting time of aqueued arriving datacall in the queue at the

marked cell from the moment that it enters the queue to the moment that it gets its channel

under the condition that it gets achannel. T, o, denotes the average waiting time of a queued

arriving datacall in the queue at the marked cell from the moment that it enters the queue to the

moment that it is transferred to another cell under the condition that it is transferred to another

cell before its getting a channel at the marked cell. The derivation of T, ,, iSin Appendix C.
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The derivation of T, ,, can be found In Appendix D.

Then based on equations (31) and (32), we can calculate the average total waiting time Ty, ,
of an unblocked arriving data call in the queue at the marked cell asfollows
Trwa =@=F) Oy ap + Fe Pop O eo (33)

Moreover, Ty, , can also be expressed as

Trwa = Po.o Towa + (1~ Fo ap) Tow,a’ (34)
where R, 5, isthe probability that an arriving datacall, which is not blocked by the marked cell,
exits the marked cell before the completion of its cal. It can be derived as follows (see Fig. 4)

Poso = Ao o + Ao )/ o, (35)
Tow . denotesthe averagetotal waiting time of an unblocked arriving datacall, which leavesthe
marked cell before the completion of its call, in the queue at the marked cell. And T, '

denotes the average total waiting time of an unblocked arriving data call, which completes its

cal at the marked cell, in the queue at the marked cell. Finally, T, isobtained as

i 1 _ P Tons +@A=Py o) Tows'
Tw = Z (PO,AD) (- Foa0) B =D Oows + Towa'1= oD _ow. QAo ol
i=1 1- PO,AD (36)
— TTW,l — (1_ Pc) D-W,AD + Pc EPPD D-W,PD
1- PO,AD 1- PO,AD

C.4) Average Total Transmission Time of Successfully Completed Data Calls: Let T, denote

the average total transmission time of a successfully completed data call, which includes the

waiting time of the call in queues. Using Little's formula, we can get the average transmission

time T,

Trans,

, of asuccessfully completed data call in one cell asfollows:

E. +
TTrans,l = P EQ (37)
(/]HD + /]TD + /]OD) Ull— PB,D)

Then, we have

T —_ TTranS,l (38)

Trans —
1- PO,AD
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D. Other Performance Measures of the System

Based on the calculation of the state probabilities, we can easily obtained the following

performance measures.
B, = S% Ny () p(s) (39)
Ep = S% Np (s) p(s) (40)
Eo Fur = S%[CD(S) ~Np (s)] Lp(s) (41)
Eo har = S%[ZND(S) ~Cp(s)]LP(s) (42)
Eo = D No(s)p(s) (43)

s0Q,

VI. NUMERICAL RESULTSAND DISCUSSIONS
Because the new scheme is a preemptive priority handoff scheme with full-rate and half-rate
service support, we abbreviate it as FHPS (Full-rate and Half-rate Preemptive Scheme). In this
section, FHPS is compared with two extreme schemes. In one scheme, which we call FPS
(Full-rate only Preemptive Scheme) for short, except for the fact that only full-rate channel is
supported for both voice and data traffic by the system, the other part of the scheme are exactly
the same as those of FHPS. FPS has been proposed and studied in [24]. In another extreme
scheme, which we call HPS (Half-rate only Preemptive Scheme) for short, only half-rate

channél is supported for both voice and data traffic, all the other aspects of the scheme are the

same as those of FHPS. We define A, = A, + 1, (callsg/second) as the total arrival rate of
originating calls at the marked cell. Moreover, we define y=Ay, /A, as the relative rate of
originating data cals. In numerical examples, parameters are set as follows: S=10, Q=10,
y=05, E[T,,]1=100.0s, E[T, ., ]=40.0s, E[T, .. ]=80.0s, E[T,]=60.0s.

Fig. 5 shows the forced termination probabilities P, for voice traffic in these three
schemes versus A, . Fig. 6 shows the forced termination probabilities P , for data traffic in

these three schemes versus A, . Fig. 7 shows the preemption probabilities P,, of adatacall in
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service in these three schemes versus A, . Fig. 8 and Fig. 9 show the total average transmission

time T

Trans

and the total average waiting time T,,, of successfully completed data calls of these

three schemesversus A, respectively. The average bandwidths ¢, for avoicecall in service of

these three schemes are shown in Fig. 10.
In FPS, only full-rate channel is supported, both voice and data calls have much smaller
chances to get access to channel resources, which brings about higher forced termination

probabilities for both voice and data calls rel ative to the other two schemes (refer to Figs. 5 and

6). From Figs. 5 and 6, it can be also seen that P, (forced termination probability of voice

calls), and P , (forced termination probability of data calls) in FHPS are even smaller than

those in HPS. This is mainly because that in FHPS, both full and half-rate channels are
supported, and the system tries to allocate full-rate channels to voice and data calls as much as
possible if there are enough channel resources, which implies a more efficient utilization of

channel resources in comparison with HPS. The above reason can al so be used to explain why

P, (the preemption probability of data calsin service), T, (the total average transmission

time of successfully completed data cals), and T, (the total average waiting time of

successfully completed data calls) in FHPS are smaller than those in HPS are (see Figs. 7, 8,
and 9).

The averagetotal transmission time T, for adatacall consists of two parts: oneisthetime
for a data call spent while a channel is alocated, and the other one is the time for a data call
waiting in queues. From Fig. 9, we can seethat T, in FPS aresignificantly larger than thosein
FHPS and HPS. Therefore, in FHPS and HPS, a data call spends less waiting time in queues.
Since only half-rate channdl is provided in HPS, T, in HPS are larger than those in FHPS.
Because of the introduction of the efficient channel allocation scheme, in most cases, shortest
T;ane CaN be achieved by using FHPS (see Fig. 8).

From Figs. 5 to 9, we can see that by using FHPS, smaller forced termination probabilities
for both voice and data calls and shorter average total transmission time for data calls can be
obtained compared with the other two candidate schemes. However, there are no free mealsand
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the communication quality for voice calls is degraded by adopting sub-rating service, see Fig.

10. Extensive numerical experiments show that if the total arrival rate A, for originating calls

to the system is not heavy (say for the case that A, is smaller then 0.15 calls/second), the

degradation of communication quality for voice calls is small so that its influence on system

performance can be omitted.

VIlI.  CONCLUSIONS

We propose and analyze a service-dependent handoff scheme in voice and data integrated
cellular mobile systems, which combines the ideas of “Variable Bandwidth” and “Preemptive
Priority” together. Comparisons with the scheme, which only supports “Preemptive Priority”
without “Variable Bandwidth” supporting, showsthat if total arrival rate for originating callsis
not very heavy, the new scheme can provide lower blocking probability and forced termination
probability for both voice and data traffic, and shorter average total transmission time for a
successfully completed data call. The improved performance mainly relies on two factors: one
isthat apart from the idea of “Preemptive Priority”, “ Variable Bandwidth” isintroduced, which
further decreases the blocking probabilities for both voice and data traffic. Moreover, in the
proposed scheme, “Variable Bandwidth” functions before “Preemptive Priority”, which
decreases the probability for data calls in service being preempted by voice calls. The second
factor liesin the fact that fairer channel allocation scheme is considered, which further avoids
the starvation of the service for datatraffic by voice calls. However, there are no free meals and
the communication quality for voice callsis degraded by adopting sub-rating service. Extensive
numerical experiments show that if thetotal arrival rate for originating callsto the systemis not
heavy, the degradation of communication quality for voice callsis small so that itsinfluence on
system performance can be omitted.

In the future work, we are interested in considering some extensions for the proposed
scheme. In this paper, for smplicity, priority of handoff calls over originating calls is not
considered. Therefore, a very natural extension is to consider schemes which provide some
priority for handoff calls. For example, theideaof “Priority Reservation” can be combined with
the proposed scheme. In this paper, only voice and data calls are considered. Extending the
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proposed handoff and channel allocation scheme into more general cases, where arbitrary types
of traffic with more flexible bandwidth requirements are considered, is avery interesting work.
Finally, real implementation issues of the proposed scheme should also be considered. In this
paper, attentions are focus on the performance analysis of the proposed handoff and channel
allocation scheme. However, the implementation of an efficient signaling scheme, which is of
importance for the real implementation, is not discussed. Aswe all know, complicated signaling
Introduces more processing overhead for the system. Therefore, in our future work, we will find
ways to design an efficient signaling scheme which brings about moderate processing overhead
for the system. To minimize the introduced processing overhead, one possible way is to limit
the number of calls (say only handoff calls) having the rightsto enjoy the “Variable Bandwidth”

and “Preemptive Priority”.
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APPENDIX A. CALCULATION OF STATE PROBABILITIES

If we assume that A, , A, and A,, are constant, the flow balance equations in (10) can be
solved as a set of linear ssimultaneous equations. However, actually A, , A, and A, are not

constant, but dependent on the state probabilities p(s) 'sthrough equations (2)-(4). Thus we use

the following iteration procedure to obtain all the state probabilities:

Sep 1. Select arbitrary initia (positive) valuesfor A, , A, and Ay .
Sep 2. Compute al the state probabilities p(s) 'sin equation (10) by using SOR method [27].

Sep 3. Compute the average number of voice calls holding channels, the average number of
data calls holding channels and the average number of data calls waiting in the queue by using

equations (39), (40) and (43).

Sep 4. Compute new A, , A,, and A, using equations (2)-(4). If InaN/](;‘l‘a;0|d/]“V|< :
HV

[new A,y —old Ayp | _ [new Ay, —old A |

and <¢, then stop the iteration (& is a very small
| odAp, | | odAp, |
positive number to check the convergence). Otherwise, set
Ay O oldA,, +wl{newA,, —oldA,,) , Ao O oldA,p + wl{newAd,; —oldA,p) ,

Arp O 0ldAp + w{newA;, —oldA,) (in our calculations, « is set to be 0.5), and go back to

step 2 again.

APPENDIX B.  CALCULATION OF B, ,, AND P, o

In the following part of the paper, we focus our attention on the data call waiting at the k th

position in the queue at the marked cell, and call it as ‘the marked data cal’. Given that the

systemisat state s, 0Q, ,
Qg ={s|s0Q Ny(s) >0} (B.1)
and the marked data call is queued at the k th position (0<k < Ng(s,)) in the queue, then we

define p, ;(s,.k) asthe probability of the marked data call being transferred to the target cell

before its leaving the queue and getting a channel at the marked cell. In the following, we use
23



guasi-system states, which are determined by the current system state and the position of the
marked data call in the queue, to describe state transitions rel ated to the changing of the position
of themarked datacall. Therefore, the quasi-system states related to the marked data call can be

expressed as (s,,k) ,and s, 0Qg,0<k<Nqy(s,)- Assuming that the current stateis (s, k) , then

the transitions of quasi-system states are driven by the occurrence of the following events:

1) Departure of the Marked Data Call from the Queue: Denote r,(s,,k) to be the transition

rate from system state s, : (N, (s,), Nip (S;)) 10 5,51 (N, (8,), Nip (s,) =1) » and r,(s;,K) = Hge -
2) Departure of a Data Call Waiting behind the Marked Data Call from the Queue: Let

r(s,k) be the transition rae from system state s, :(Ny(s;),Np(s)) to
Sq.2 - (Ny (8,), N (s;) —1) . After the occurrence of the event, the position of the marked data call
in the queue remains to be k, and r,(s,, k) =[Nq(S,;) = K] Rgyey -

3) Departure of a Data Call Waiting before the Marked Data Call from the Queue or

Departure of a Data Call in Service from the Channel Pool: Let ry(s,,k) be the transition rate

from system state s, : (N, (s;), Ny (S,)) 10 s,5:(Ny (s,). Nip (s,) —1) . After the occurrence of the

event, the position of the marked data call in the queue is k-1 (specificaly, if k-1=0, it
indicates that the marked data call gets a channel), and

r3(Sy.K) = (K =2) Qldgaen + Np (Sy) Wdawen + Hep pair ) -

4) Departure of a oice Call in Service from the Channel Pool: Let r,(s,, k) bethetransition
rate from system state s, : (N (s,), Nip (s,)) 10 5,4 :(Ny (S,) —1 Ny (s,)) - After the occurrence
of the event, the position of the marked data call in the queue is k-1. If s ,0Q,,
ra(Sq,K) = Ny (Sy) Wlgen + Hey ) - Otherwise, r,(s,, k) =0.

5) Arrival of a Data Call: Let ry(s, k) be the transition rate from system state
Sy (Ny (85):Npp(S,)) 10 s5:(Ny(s,),Nip(s,) +1) . After the occurrence of the event, the
position of the marked data cal in the queue is remained to be k . If s,0Q,
I5(S;,K) = Aup + Arp + Ao - Otherwise, r5(s,, k) =0.
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6) Arrival of a \oice Call: Let ry(s,,k) be the transition rate from system state

Sy - (Ny (87), N (8,)) 10 5,6:(Ny (S,) +L Ny (s,)) - Inthis case, one of the datacallsin serviceis
preempted by the arriving voice call. After the occurrence of the event, the position of the

marked data call in the queueisremained to be k. If s, ,0Q, r,(s,,kK) = A, + Ay, . Otherwise,

rs(S4,K) =0.

Therefore, the total transition rate out of the state (s,, k) can be expressed as

6
(s K) = Zri (5. K) (B.2)

Moreover, we define

Peo(sk)=0 if sHQ, or k<0 or k>Ng(s) (B.3)

Then we have the following set of linear equations

- rl(sq!k) ri (Sq!k) (Sq )
plr,D(Sq!k) - r(Sq,k) +i:;56 r(sq,k) |:ptr,D(S‘q,ilk) £ ( ) |:ptr D( q|!k l) (B4)

where s, 0Q,, ,0<ks<Ng(s;) - By solving the above linear equations, we can get al the values

for p, (s, k) 's. And then, R, 5, can be given asfollows

Pr.ap :( Z P(s) Py o (S, Ng (s ))J/{ Z p(S)J (B.5)

Qn ap SO ap

Qp, ap ={sIs0Qq, Ny (8) + N () =25, Ng () <Q}
where N, (s') = Ny (8), Nip (s') = Nip (s) +1. Moreover, R, o, can be expressed as
Pr pp =( z P(s) [Py o (S, Ng (s ))J/{ z p(S)J (B.6)
g:JQTr PD SDQTr,PD )
Qq, oo ={sIS0Q, Ny (8) + Np () =28, N, (5) > 0,Ng () < Q}

where N, (s') = Ny (s) +1 Np (S) = Nyp (9) -

APPENDIX C.  CALCULATION OF Ty po AND Tye po

Given that the system is at state s, O Qg and we know that the marked data call waiting at

the k th position (0<k < Ny(s,)) in the queue can get a channel at the marked cell, then we
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define t . (s;.k) asthe average waiting time for the marked data call before it gets a channel.

We use quasi-system states for the marked cell to describe state transitions related to the marked
datacall. The state transitions of quasi-system states have been described in Appendix B.
First, let us start from Fig. C.1. In the figure, a genera tree structure of the quasi-state

transition is shown. We assume that when the system is at state s, (seetheroot nodein thetree
structure) the marked data call is waiting in the queue. T, is the average holding time of the
system at state s,. Because of the occurrence of some events, the system state changes. If the
next state is s (1<i<n-1,n>1), then the marked data cal gets a channel. Let qy

(1<i<n-1,n>1) be the transition probability from state s, to s (1l<i<n-1,n>1).
Specifically, for the case of n=1, we say that it isimpossible for the marked data call to get a

channel with only one step state transition. If the next state of s, is s (n<i<m), athough the

marked data call still waitsin the queue, can it finally get its channdl if the system state transits

from s to s, (nsisml<l<k) without its being transferred to other cells before getting a

channel. It should be noted that although from state s (n<i<m) there aretotal of k; different

1 q
? A o ’
= R

\

i N

\ .
1
Sp1 Sn,kn ) Qo,m |:‘:,qm,l

~ -

qO,n |:dqn,l %,n |:‘:,qn,kn

-~

\

~ -

Fig. C.1 Tree structure of the quasi-state transition
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state transition routes, which makesit possible for the marked data call to get achannel, we can
not draw a concluson that if i1#£i2 or 11212 then s, %S,
(n<ili2smls<llis<k,;1<12<k;,) aways holds. That is, subscriptions in the symbol s, are

not used to distinguish different states but to distinguish different state transition routes, which

makes it possible for the marked data call to get a channel. Furthermore, It is assumed that the

probabilities q,; (n<i<m) and ¢, (n<i<ml<l<k;) denote the transition probabilities
from dstate s, to 5 (n<i<m) and those from state s to s, respectively. And let T,
(n<isml<l<k;) denotethe average waiting time for the marked data call in the queue under

the condition that the system state transits from state s; to s;,. Therefore, assuming that the

original system stateis s, (n<i<m), theaveragewaitingtime T(s) (n<i<m) for the marked

datacall in the queue before its getting a channel can be expressed as

T(s){équ T, j/[gm} (C.D)

Asfor state s,, the average waiting time T(s,) for the marked data call in the queue before its

getting a channel can be expressed as

n-1 m ki - LS
Zqo,iTO+ZZq0iqil(T0+-l-i,l) Z%l ZZ 0o, %, To +ZQO| [ET(S)DZQM}
T(%)_ i=1 — i=n I=1 — i=n =1 i=n

n m

ki n-1 m ki
Qo,i + z%,iq,l > Qo,i +zzq0,iqi,l

i=1 i=n 1=1 i=n 1=1 (C.Z)

n-1 m ki
leqo,iTﬁquo.EEZq JtﬁT(s)W] ST, +Zqo.ﬁhc(s)fﬁT(s)+To]

=1 — izl

0. (S)
ZQO,i "' %,qu ®
i1

i=n|=
where q.(s) isthe probability of the marked datacall getting its channel successfully given that
the original system stateis s . From the above equation, we can seethat T(s,) can be expressed

asthelinear combinationsof T, and T(s) (n<i<m).
Moreover, we define
tuc (s k) =0 if sSOQ or k<0 or k>Ng(s) (C3)
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Based on the state transitions of quasi-system states described in Appendix B and the result

shown in equation (C.2), we can get the following linear equations

r.i (Sq!k)

s k) T o (Sqin K= DIt (S, K) +tac (S, k=D)]
B CTY
(0=, 1By o (5K
i=3,4 r(S k) tr,D Sq’ (C4)
L M- py o (S, KT, (S5, K) + e (8,1, K)]
N Z r(sq,K)
i2,5,6 1- Py p(Sy.K)
where s, 0Qg .0<k<Ng(s,), and t, (s,.k) isthe average holding time at state (s, k)
1
ty(Sq,K) = T (C.5)

: (s, K : :
In equation (C.4), the term % corresponds to the term q,; in equation (C.2). The term

»
[1-py 5 (s, K] ad [1-p, (s, k=1] in equation (C.4) correspond to the term q.(s) in
equation (C.2), and 1-p, (s, k) corresponds to q.(s) in equation (C.2). Moreover,
[t (S, K) +tue (S5, K] and [t (s, K) +tye (5,5, Kk —D)] correspond to the term [T, +T(s)] in
equation (C.2). By solving the above linear equations, we can get al the values of t,.(s;.k)’s.

Then T, oo Can begiven as follows

Tuc a0 { D P(S) L= Py o (8, N (8))] By (S, NQ(S'))J/{ D () ML= py (S, NQ(S'))]J

ngTr ,AD ngTr ,AD
(C.6)

where N, (s') = Ny (s), Nip (s') = Nip () +1. Moreover, T o, Can be expressed as

Tuc po :[ D P(S) ML= Py o (8 Ng ()] Hye (S, NQ(S'))J/[ D P M- py (S, NQ(S'))]J

107 e SO+ pp

(C.7)

where N, (s') = Ny () +1 Nip (S) = Nip (9) -

APPENDIX D.  CALCULATION OF Ty, a0 AND T po

Given that the system is at state s, 0Q,_ , and we know that the marked data call waiting at
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the k th position (0 <k < Ny(s;)) in the queue can not get achannel at the marked cell, i.e., the

data cal is transferred to the target cell before getting a channel at the marked cell, then we

define t,y, (s, k) as the average waiting time in the queue for the data call before its being

transferred to the target cell. The derivation of t,, (s;,k) isjust the sameasthat of t,.(s;,k) in

Appendix C. Therefore, by referring the results in Appendix C, we have the following linear

equations directly

rl(sq ,K)

ty (55, k) = 0

ri (Sq. K)

N r(sq, k)
Py o (Sq ,K) i=2,5,6 Py o (Sq K)
ri (S4,K)
r(sq, k)
i=3,4 Py b (Sq,K)

[ (84,K) (Pur b (Sq, + K) [ty (g5 K) + by (Sg5 K)]

(D.1)

Py o (Sqi K = 1) O, (Sq K) + by (Sgi K = D)]

where s, 0Qg 0<k<Ng(s,)- Moreover, we define
tarr (S,K) =0 if sOQ, or k<0 or k>Ng(s) (D.2)

By solving the above linear equations, we can get all thevaues of t,, (s,,k)’s. Then Typ, 1

can be given as follows

LIV ={ z P(S) Ly p (S, N (S)) B, (S NQ(S'))J/{ z P(s) Loy o (S, NQ(S'))J (D.3)

Q4 Ao SO ap

where N, (s') = N, (8), N (S) = Nip (s) +1. Moreover, T, o, Can be expressed as

Twrr po =[ z P(S) [Py o (S's N (S)) Hr, (S NQ(S'))J/{ Z P(s) Loy o (S, NQ(Sl))} (D.4)

Q1 pp s1Q+ pp

where N, (s) = N, (S) +1 N (S) = N (9).
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